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1. Introduction 

An affine Hecke algebra is associated to a root datum (with basis) 
1Z = (X, Y, R , Rq , F ), where X, Y are lattices with a perfect pairing, 



THE SCHWARTZ ALGEBRA OF AN AFFINE HECKE ALGEBRA 



3 



Ro C X is a reduced root system, Rq C K is the coroot system and F 
is a basis of Rq, together with a length multiplicative function q of the 
affine Weyl group associated to 7Z. It is denoted by 0,(71, q) or simply 
7i. It admits a natural prehibertian structure (provided q has values in 
K + , which we assume throughout), and it acts on its completion L 2 (7i.) 
through bounded operators. Thus H is a Hilbert algebra in the sense 
of 0. 

The spectral decomposition of the left and right representation of 
this Hibert algebra has been made explicit by one of the authors (E.O., 
[Uj). We will denote by T the isomorphism between L 2 (H) and its 
decomposition into irreducible representations. We will call this map 
T the Fourier transform. 

Another interesting completion of 7i is the Schwartz algebra S C 
L,2(7~C), which is a Frechet algebra completion of 7i j!4j . The main 
theorem of this article is the characterisation of the image of S by 
the Fourier transform T . This characterisation has several important 
consequences which are described in Section 0J Let us briefly discuss 
these applications. 

First of all, we obtain the analog of Harish-Chandra's completeness 
Theorem for generalized principal series of real reductive groups. The 
representations involved in the spectral decomposition of L 2 {7i) are, 
as representations of 7i, subrepresentation of certain finite dimensional 
induced representations from parabolic subalgebras (which are subalge- 
bras of TC which themselves belong to the class of affine Hecke algebras). 
We call these the standard tempered induced representations. There 
exist standard interwining operators (see jT3]) between the standard 
induced tempered representations. The completeness Theorem states 
that the commutant of the standard tempered induced representations 
is generated by the self-intertwining operators given by standard inter- 
twining operators. 

Next we determine the image of the center of S and, as a conse- 
quence, we obtain the analog of Langlands' disjointness Theorem for 
real reductive groups: two standard tempered induced representations 
are either disjoint, i.e. without simple subquotient in common, or 
equivalent. 

Then we discuss the characterisation of the Fourier transform, and 
of the set of minimal central idempotents of the reduced C*-algebra 
C*{H)olH. 

Finally we observe that that the dense subalgebra S C C* is closed 
for holomorphic calculus. 

Let us now comment on the proof of the Main Theorem. As it is 
familiar since Harish-Chandra's work on real reductive groups jjj, [H], 
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the determination of the image of S by T requires a theory of the 
constant term (see also j3] for the case of the hypergeometric Fourier 
transform) for coefficients of tempered representations of TC. This the- 
ory is fairly simple using the decomposition of these linear forms on 
TC along weights of the action of the abelian subalgebra A of TC. This 
subalgebra admits as a basis, the family 9 X , x G X, which arises in the 
Bernstein presentation of TC. 

There is a natural candidate S for the image of S by T. The inclu- 
sion T(S) C S is easy to prove, using estimates of the coefficients of 
standard induced tempered representations. 

The only thing that remains to be proved at this point, is that the 
inverse of the Fourier transform, the wave packet operator J ', maps S 
to S. For this a particular role is played by normalized smooth family 
of coefficients of standard tempered induced representations: these are 
smooth families divided by the c-function. Of particular importance is 
the fact that the constant terms of these families are finite sums of nor- 
malized smooth families of coefficients for Hecke subalgebras of smaller 
semisimple rank. This is a nontrivial fact which requires the explicit 
computation of the constant term of coefficients for generic standard 
tempered induced representations. If X is the maximal ideal of the 
center Z of TC which annihilates such a representation, its coefficients 
can be viewed as linear forms on Lusztig's formal completion of TC as- 
sociated to X. This allows to use Lusztig's first reduction Theorem ^T] 
which decomposes this algebra. Some results on Weyl groups are then 
needed to achieve this computation of the constant term. 

Once this property of normalized smooth family is obtained, it easy 
to form wave packets in the Schwartz space, by analogy with Harish- 
Chandra's work for real reductive groups jjj- Simple lemmas on spec- 
tral projections of matrices and an induction argument, allowed by the 
theory of the constant term, lead to the desired result. 

The paper is roughly structured as follows. First we discuss in Sec- 
tions 2 and 3 the necessary preliminary material on the affine Hecke 
algebra and the Fourier transform on L2CH). We formulate the Main 
Theorem in Section 4, and we discuss some of its consequences. In Sec- 
tion 5 we compute the constant terms of coefficients of the standard 
induced representations and of normalized smooth families of such co- 
efficients. In Section 6 we use this and the material in the Appendix 
on spectral projections in order to prove the Main Theorem. Finally, 
in the Appendix on the c-function we have collected some fundamental 
properties of the Macdonald c-functions on which many of our results 
ultimately rely. 
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2. The affine Hecke algebra and the Schwartz alge- 
bra 

This section serves as a reminder for the definition of the affine Hecke 
algebra and related analytic structures. We refer the reader to |14j . [TT] 
and ^3] for further background material. 

2.1. The root datum and the affine Weyl group 

A reduced root datum is a 5-tuple 7Z = (X,Y, Rq, Rq, F ), where 
X, Y are lattices with perfect pairing (•, •), Rq C X is a reduced root 
system, Rq C Y is the coroot system (which is in bijection with Rq via 
the map a — > a v ), and F C i?o is a basis of simple roots of i?o- The 
set F determines a subset i?o,+ C Ro of positive roots. 

The Weyl group W = W(R ) C GL(X) of R is the group generated 
by the reflections s a in the roots a G Ro- The set So := {s a \ a G F } 
is called the set of simple reflections of Wo- Then (Wo, So) is a finite 
Coxeter group. 

We define the affine Weyl group W = W(7Z) associated to 7Z as the 
semidirect product W = W x X. The lattice X contains the root 
lattice Q, and the normal subgroup W aS := W X Q < W is a Coxeter 
group whose Dynkin diagram is given by the affine extension of (each 
component of) the Dynkin diagram of Rq. The affine root system of 
Waff i s gi ven by = R% x Z C F x Z. Note that W acts on R 3 ®. 

Let be the set of positive affine roots defined by i?+ ff = {(a v , n) \ 
n > 0, or n = and a G -Ro,+}- Let _F aff denote the corresponding set 
of affine simple roots. Observe that Fq C -F aff . If S' aff denotes the 
associated set of affine simple reflections, then (W aff , S aS ) is an affine 
Coxeter group. 

In this paper we adhere to the convention N = {1,2,3, •••} and 
Z+ = {0,1,2,...}. We define the length function I : W -»• Z + on 
W as usual, by means of the formula l(w) := \Rf fl Let 
Q C W denote the set {w G W \ l(w) = 0}. It is a subgroup of W, 
complementary to W aG . Therefore Q ~ X/Q is a finitely generated 
Abelian subgroup of W. 

Let X + C X denote the cone of dominant elements X + = {x G X | 
Va G #0,+ : (x, a v ) > 0}. Then Z x := X + n X~ C X is a sublattice 
which is central in W. In particular it follows that Zx C fi. The 
quotient fi/ — Q/Zx is a finite Abelian group which acts faithfully on 
S by means of diagram automorphisms. 

We choose a basis Zi of Zx, and define a norm || • || on the rational 
vector space Q ®i Z x by || ^ l%Zi\\ := 5^ ^ e now define a norm A/" 
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on W by 

(2.1) Af(w) := l(w) + ||w(0)°||, 

where w(0)° denotes the projection of w(0) onto Q®%Z X along Q®zQ. 
The norm Af plays an important role in this paper. Observe that it 
satisfies 

(2.2) Af(ww') < Af(w) + Af(w'), 

and that Af(w) = iff w is an element of Q of finite order. 
We call 1Z semisimple if Z x = 0. 

2.2. Standard parabolic subsystems 

A root subsystem R' C i?o is called parabolic if it!' = QR' DRq. The 
Weyl group Wq acts on the collection of parabolic root subsystems. 
Let V be the power set of F . With P 6 ? we associate a standard 
parabolic root subsystem R P C R by R P := ZPni? . Every parabolic 
root subsystem is W - con j u g a te to a standard parabolic subsystem. 

We denote by W P = W(R P ) C the Coxeter subgroup of W Q 
generated by the reflections in P. We denote by W p the set of shortest 
length representatives of the left cosets W /W P of W P C W . 

Given P e "P we define a sub root datum 1Z P C 7?. simply by 7?. p := 
(X,Y, R P , Rp, P). We also define a "quotient root datum" 7£p of 7£ p 
by ^ P = (X P , Yp, i? P , i? P , P) where X P := X/(X n (i? P ) ± ) and F P = 
F fl Qi? P . The root datum 1Z P is semisimple. 

2.3. Label functions and root labels 

A positive real label function is a length multiplicative function q : 
W — > R + . This means that q(ww') = q(w)q(w') whenever l(ww') = 
l(w) + l(w'), and that g(c<j) = 1 for all 

Such a function g is uniquely determined by its restriction to the set 
of affine simple reflections S . By the braid relations and the action 
of Qj on S 3 ^ it follows easily that q(s) = q(s') whenever s, s' G S aS are 
W^-conjugate. Hence there exists a unique PF-invariant function a — > g a 
on i? aff such that g a+ i = g(s a ) for all simple affine roots a e F aff . 

We associate a possibly non-reduced root system i? nr with 7?. by 

(2.3) R nr := i?o U {2a | a y G < n 2F}. 

If a G i?o then 2a G R ur iff the affine roots a = a v and a = a v + 1 are 
not Vr-conjugate. Therefore we can also characterize the label function 
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q on W by means of the following extension of the set of root labels 
q a v to arbitrary a G R nr . If a G i?o with 2a G -R nr , then we define 

(2.4) q a v /2 := . 

With these conventions we have for all w G Wo 

(2.5) q(w)= J] g Q v. 

We denote by R\ C X the reduced root system 

(2.6) Ri := {a G R m \ 2a & R QT }. 

2.3.1. Restriction to parabolic subsystems. Let P <E V. Both the non- 
reduced root system associated with 1Z P and the non-reduced root 
system associated with 1Z P are equal to Rp :nr ■— QRpDR nr . We define 
a collection of root labels qp^ = q^v for a G Rp tVLT by restricting the 
labels of -R nr to Rp tVLT C R nr . Then qp denotes the length- multiplicative 
function on W(1Zp) associated with this label function on Rp jI1T , and 
q p denotes the associated length multiplicative function on W(1Z P ). 



2.4. The Iwahori-Hecke algebra 

Given a root datum 1Z and a (positive real) label function q on 
the associated affine Weyl group W, there exists a unique associative 
complex Hecke algebra TL = TC(7Z, q) with C-basis N w indexed by w G 
W, satisfying the relations 

(i) N ww i = N w N w i for all w,w' G W such that l(ww') = l(w) + 
l(w>). 

(ii) (N s + g(s)^ 1 /2)( iVs _ q(s) 1 / 2 ) = for all s G S aS . 

Notice that the algebra H is unital, with unit 1 = N e . Notice also that 
it follows from the defining relations that N w G H is invertible, for all 
w G W. 

By convention we assume that the label function q is of the form 
(2.7) g(s)=q /s - 

The parameters / s 6l are fixed, and the base q satisfies q > 1. 

2.4.1. Bernstein presentation. There is another, extremely important 
presentation of the algebra 7i, due to Joseph Bernstein (unpublished). 
Since the length function is additive on the dominant cone X + , the 
map X + 3 x — > N x is a homomorphism of the commutative monoid 
X + with values in H x , the group of invertible elements of H. Thus 
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there exists a unique extension to a homomorphism X 3 x ^ 9 X £ Tt x 
of the lattice X with values in H x . 

The Abelian subalgebra of Ti generated by 9 X , x G X, is denoted by 
A. Let 7i = 7i(Wo, qo) be the finite type Hecke algebra associated with 
Wo and the restriction q of q to Wq. Then the Bernstein presentation 
asserts that both the collections 9 X N W and N W 9 X (w G W , x G X) are 
bases of H, subject only to the cross relation (for all x G X and s = s a 
with a G F ): 

(2.8) 

6,N, - JV,9,(«) = 

/ (tf-Cv 172 )^ if 2^^. 

2.4.2. T/ie center Z of Ti. A rather immediate consequence of the 
Bernstein presentation of Ti is the description of the center of 7i: 

Theorem 2.1. The center Z of H is equal to A w °. In particular, H 
is finitely generated over its center. 

As an immediate consequence we see that irreducible representations 
of Ti are finite dimensional by application of (Dixmier's version of) 
Schur's lemma. 

We denote by T the complex torus T = Hom(X, C x ) of complex 
characters of the lattice X. The space Spec (Z) of complex homomor- 
phisms of Z is thus canonically isomorphic to the (geometric) quotient 
W \T. 

Thus, to an irreducible representation (V, n) of Ti we attach an orbit 
Wot G W \T, called the central character of n. 

2.4.3. Parabolic subalgebras and their semisimple quotients. We con- 
sider another important consequence of the Bernstein presentation of 
H: 

Proposition 2.2. (i) The Hecke algebra H p := H(JZ p ,q p ) is 

isomorphic to the subalgebra of Ti generated by A and the 
finite type Hecke subalgebra TL(Wp) := H(Wp, q\w P )- 
(ii) We can view Hp := Tt(1Zp,qp) as a quotient of 7i p via the 
surjective homomorphism <pi : Ti p — > Tip characterized by (1) 
0i is the identity on the finite type subalgebra Ti(Wp) and (2) 
4>i{9 x ) '■= 9 X , where x G Xp is the canonical image of x in 

x P = x/(xn(R v P ) ± ). 

Let T p denote the character torus of the lattice X/ (X(~)QRp). Then 
T p C T is a subtorus which is fixed for all the elements w G W P and 
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which is inside the simultaneous kernel of the a G Rp. The next result 
again follows simply from the Bernstein presentation: 

Proposition 2.3. There exists a family of automorphisms ipt (t G T p ) 
ofH p , defined by ip t {9 x N w ) = x(t)9 x N w . 

We use the above family of automorphisms to twist the projection 
</>i : 7i p — > Tip. Given t G T p , we define the epimorphism <f> t : 7i p — > 
Hp by 4> t := 0i o ip t . 

2.5. Intertwining elements 

When s = s a G So (with a G Fi), we define an intertwining element 
l s G 7i as follows: 

1 /2 

t a = g a vg 2Q v(l - 9_ a )N s + ((1 - q a vq 2a v) + 5 a ' v (1 - q 2a v)9^ a/2 ) 

1 /2 

= g a vg 2a vA^ s (l - 9 a) + ((g a vg 2a v - 1)9 a + g a C (g 2a v - l)9 a/2 ) 

(If a/2 £ X then we put q 2o y = 1; see Remark 18.11 ) We recall from 
[T3*j . Theorem 2.8 that these elements satisfy the braid relations, and 
they satisfy (for all x G X) 

(2.9) i s 9 x = 9 s {x)i s 

Let Q denote the quotient field of the centre Z of H, and let qH 
denote the Q-algebra qH = Q ®z ri. Inside qH we normalize the 
elements t s as follows. 

We first introduce 

(2.10) n a := tfj? + 9^ a/2 )(q 1 J v 2 q 2a v - 9„ a/2 ) G A. 

Then the normalized intertwiners t° (s G So) are defined by (with 
s = s aj a G R\): 

(2.11) L° a :=n-\e Q n. 

It is known that the normalized elements i® satisfy (i° s ) 2 = 1. In 
particular, t° G q7^ x , the group of invertible elements of qW. In fact 
we have: 

Lemma 2.4. (|14j. Lemma 4-1) The map Sq 3 s — > 6° G q7Y x extends 
(uniquely) to a homomorphism Wo 9 u> — > t° G Q7i x . Moreover, for 
all f G q^4 we /iawe £/iat = /*". 
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2.6. Hilbert algebra structure on Ti 

The anti-linear map h — > h* denned by [Y^ w c w N w )* = J2 w c w -iN w is 
an anti-involution of Ti. Thus it gives Ti the structure of an involutive 
algebra. 

In the context of involutive algebras we also dispose of Schur's lemma 
for topologically irreducible representations (cf. jHj). Thus the topo- 
logically irreducible representations of the involutive algebra (Ti, *) are 
finite dimensional by Theorem 12. 11 

The linear functional r : Ti — > C given by t(J2 w c wN w ) = c e is a 
positive trace for the involutive algebra (Ti,, *). The basis N w of Ti is 
orthonormal with respect to the pre-Hilbert structure (x,y) := r(x*y) 
on Ti. We denote the Hilbert completion of Ti with respect to (-, •) 
by L 2 (Ti). This is a separable Hilbert space with Hilbert basis N w 
(w G W). 

Let x G Ti. The operators X(x) : Ti — > Ti (given by X(x)(y) = xy) 
and p(x) : Ti ^ Ti (given by p(x)(y) := xy) extend to B(L 2 (Ti)), the 
algebra of bounded operators on L 2 (Ti). This gives Ti the structure of 
a Hilbert algebra (cf. [U]). 

The operator norm completion of X(Ti) C B(L2(H)) is a C*-algebra 
which we call the reduced C*-algebra C*(Ti) of Ti. The natural action 
of C*(Ti) on L 2 (7"0 via A (resp. p) is called the left regular (resp. right 
regular) representation of C*(Ti). Since it has only finite dimensional 
irreducible representations by the above remark, C*(Ti) is of type I. 

The norm ||x|| of x G C*(Ti) is by definition equal to the norm 
of X(x) G B(L 2 (Ti)). Observe that the map x — > X(x)N e defines an 
embedding C* r (H) C L 2 (Ti). 

2.7. Discrete series representations 

Definition 2.5. We call an irreducible representation (Vg, S) of (Ti, *) 
a discrete series representation if (V$, 5) is equivalent to a subrepre- 
sentation of (L 2 (Ti),X). We denote by A = A^g a complete set of 
representatives of the equivalence classes of the irreducible discrete se- 
ries representations of (Ti, *). When r G T is given, Aw or C A denotes 
the subset of A consisting of irreducible discrete series representations 
with central character W^r (r ET). 

Corollary 2.6. (of Theorem \2.1\) Ay/ 0T is a finite set. 

There is an important characterization of the discrete series represen- 
tations due to Casselman. This characterization has consequences for 
the growth behaviour of matrix coefficients of discrete series representa- 
tions. Recall that T denotes the complex algebraic torus of characters 
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of the lattice X. It has polar decomposition T = T rs T u where T rs is 
the real split form of T, and T u the compact form. If t G T we denote 
by \t\ G T rs its real split part. 

Theorem 2.7. (Casselman's criterion for discrete series representa- 
tions, cf. [Hj, Lemma 2.22). Let (Vg,S) be an irreducible representa- 
tion ofTi. The following are equivalent: 

(i) (Vs, 5) is a discrete series representation. 

(ii) All matrix coefficients of S belong to 

(iii) The character x of 5 belongs to Sj . 

(iv) The weights t G T of the generalized A-weight spaces of Vs 
satisfy: \x(t)\ < 1, for all ^ x G X + . 

(v) Zx = {0}, and there exists an e > such that for all ma- 
trix coefficients m of 5, there exists a C > such that the 
inequality |m(A^,)| < Cq~ d ^ holds. 

We have the following characterization of the set of central characters 
of irreducible discrete series representations. For the notion of "residual 
points" of T we refer the reader to Definition 18.31 

Theorem 2.8. (cf. [Hj, Lemma 3.31 and Corollary 7.12) The set 
A Wor is nonempty iff r G T is a residual point. In particular, A is 
finite, and empty unless Zx = 0. 

2.8. The Schwartz algebra; tempered representations 

We define norms p n (n G Z + = {0, 1,2,...}) on TC by 

(2.12) p n (h) =ma,x\{N w ,h)\{l+Af{w)) n , 

and we define the Schwartz completion S of H by 

(2.13) S := {x = ^2x w N w G H* | p n {x) < oo Vn G Z+} 

w 

In (|14j. Theorem 6.5) it was shown that the multiplication operation of 
7i is continuous with respect to the family p n of norms. The completion 
S is a (nuclear, unital) Frechet algebra (cf. [Hj, Definition 6.6). 

As an application of ([14 , Theorem 6.1) it is easy to see that there 
exist constants D G Z + and C > such that \\h\\ < Cpo(h) for all 
h G 7i. Thus 

(2.14) S C C*(H) C L 2 (H) 

The Main Theorem 14.31 can be viewed as a structure theorem for this 
Frechet algebra via the Fourier transformation. 
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Definition 2.9. The topological dual S' is called the space of tempered 
junctionals. A continuous representation of S is called a tempered rep- 
resentation. By abuse of terminology, we call a finite dimensional rep- 
resentation ofH tempered if it extends continuously to S. 

In particular, a finite dimensional representation (V, ir) of 7i is tem- 
pered if and only if the matrix coefficient h <f)(ir(h)v) extends con- 
tinuously to S for all G V* and v G V. 

We will now discuss Casselman's criteria for temperedness of finite 
functionals and finite dimensional representations if 7i. 

2.9. Casselman's criteria for temperedness 

2.9.1. Algebraic dual of H. We identify the algebraic dual H* of Tt 
with formal linear combinations / = X^ew 7 d w N w via the sesquilinear 
pairing (•, •) defined by (x,y) = r(x*y). Thus f(x) = (f*,x) and 
d w = f{N w -i). For x,y G H and / G H we define R x (f)(y) = f(yx) 
and L x (f)(y) := f(xy) (a right representation of Ti). Note that in 
terms of multiplication of formal series we have: R x (f) — x.f and 
L x (f) = f.x (sic). 

2.9.2. Finite functionals. Let A C Ti* denote the linear space of finite 
linear functionals on Ti: 

Definition 2.10. The space A consists of all the elements f G Ti* such 
that the space Ti.f.Ti is finite dimensional. 

Since 7i is finite over its center Z, f is finite if and only if dim(/.2) < 
oo. Let A denote the abelian subalgebra of H spanned by the elements 
9 X with x £ X. Since Z C A we see that / G A if and only if 
dim(A/) < oo if and only if dim(/.„4) < oo. 

2.10. Exponents of finite functionals 

Definition 2.11. We say that t G T is an exponent of f G A if the 
X -module on the finite dimensional space V = f.Ti (the space of left 
translates of f) defined via x — > L e \ v contains a (generalized) weight 
space with weight t. 

Proposition 2.12. Let f G A and let e denote the set of exponents of 
f. There exist unique functions El (t G e) on 7i x X , polynomial in 
X, such that 

(2.15) f(6 x h) = J2EUh,x)t(x) 

tee 
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Proof. Uniqueness: Suppose that we have a finite set e of exponents 
and for each t G e a polynomial function x —>■ E t (x) of X such that 

tee 

Suppose that there exists a t G e such that a; — > E t (x) has positive 
degree. We apply the difference operator A t>2/ (t G e, ?/ G X) defined by 

A t>y (/)(x) :=t(y)~ 1 f(x + y)-f(x). 

It is easy to see that for a suitable choice of y this operator lowers 
the degree of the coefficient of t by 1, and leaves the degrees of the 
other coefficients invariant. Hence, if we assume that not all of the 
coefficients E t are zero, we obtain a nontrivial complex linear relation 
of characters of X, after applying a suitable sequence of operators A s z . 
This is a contradiction. 

Existence: We fix h G Tt and we decompose / according to general- 
ized Ljsf-eigenspaces in V. We may replace / by one of its constituents, 
and thus assume that e = {£}. We may replace the action of X by 
the action L' x = t(x)~ 1 L x . Therefore it is enough to consider the case 
t = 1. Let N denote the dimension of V. By Engel's theorem applied 
to the commuting unipotent elements Lg x acting in V, we see that any 
product of N or more difference operators of the form A y = Lg y — 1 is 
equal to zero in V. By induction on N this implies that for any h, the 
function x — ► f{9 x h) is a polynomial in x of degree at most N — 1. □ 

Corollary 2.13. We have E{ (9 x h,y) = t(x)E( \h,x+y) . In particular, 
the degree of the polynomial E( (h, x) is uniformly bounded as a function 
ofh. 

Corollary 2.14. Put ft(h) = E{(h,0). Then f t is the component of f 
corresponding to the generalized Lx-eigenspace with eigenvalue t in V. 
Observe that f t (9 x h) = t(x)E[(h,x), and that f t G / • A = Lx(f) C 
VcA. 

2.11. The space A temp of tempered finite functionals 

If / G A, we can express the condition / G S' (temperedness) or 
/ G L 2 (H) (square integrability) in terms of a system of inequalities 
on the set of exponents e of /. This is the content of the Casselman 
conditions for temperedness ([E], Lemma 2.20). We will formulate 
these results below, adapted to suit the applications we have in mind 
f Section 15. ip . 
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We introduce a partial ordering <p on T rs by 

(2.16) <! < Fo t 2 < x{t 2 ) for all x G X + 

(this is in fact the special case P = Fq of the ordering <p defined in 
Definition Oil. 

Let ( V, 7r) be finite dimensional representation of TC. It follows easily 
from Definition 12.111 that the union of the sets of exponents of the 
matrix coefficients h —>■ <p(Tr(h)v) of 7r coincides with the set of weights 
t of the generalized A- weight spaces of V. Using ([E], Lemma 2.20) 
we get: 

Corollary 2.15. f|14j . Lemma 2.20) Let (V,ir) be a finite dimensional 
representation ofTC. The following statements are equivalent: 

(i) (V, 7r) is tempered. 

(ii) The weights t of the generalized A-weight spaces of V satisfy 

\t\<F l- 

(iii) The exponents t of the matrix coefficients h — > 4>(ir(h)v) of tt 
satisfy \t\ <f 1. 

Let / G A. The space of matrix coefficients of the finite dimensional 
representation (V/ := R-n(f), R) is the space TC- f -TC. Hence the union 
of the sets of exponents of the matrix coefficients of Vf is equal to the 
set of exponents of /. Hence we obtain: 

Corollary 2.16. (Casselman's condition) We have f G A temp := ADS' 
if and only if the real part \t\ of every exponentt of f satisfies \t\ <f 1. 

Definition 2.17. We put A cusp for the subspace of A temp consisting of 
those f such that all exponents t of f satisfy \t\ = YlaeFoi^a ® aV ) w ^ 
< d a < 1. 

Then Theorem 12.71 implies similarly that: 

Corollary 2.18. A 2 := A n L 2 (H) ^ only if Z x = 0, and in this 
case, A 2 = A cusp . 

2.12. Formal completion of TC and Lusztig's structure theorem 

Let t G T, and let I t denote the maximal ideal of Z associated with 
the orbit W t. We denote by Z Wot the X t -adic completion of Z. In [TT] 
Lusztig considered the structure of the completion 

(2.17) ft t :=Z Wot ® z Ti. 

We will use Lusztig's results on the structure of this formal completion 
(in a slightly adapted version) for so called -Rp-generic points t G T. 
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2.12.1. Rp-generic points of T . Let Rp C Rq be a parabolic subset 
of roots, i.e. i?p = M.Rp D i?o- Let us recall the notion of an Rp- 
generic point £ G T (cf. [2], Definition 4.12). With t G T we associate 
-Rp(t) C i?0) the smallest parabolic subset containing all roots a G i?o 
for which one of the following statements holds (where c a denotes the 
Macdonald c-function, cf. equation ([8.20 ): 

(i) c a G" Of (the invertible holomorphic germs at t) 

(ii) a(t) = 1 

(iii) a(t) = —1 and a G" 2X. 

We say that ti,t 2 G T are equivalent if there exists a w G W'pfo) := 
W(i?p(t 1 )) such that £2 = w(ti). Notice that in this case Rpfa) = Rp(t 2 ), 
so that this is indeed an equivalence relation. The equivalence class of 
t G T is equal to the orbit w = Wpmt C W t. 

We define P(t) as the basis of simple roots of Rp(t) inside Ro,+, and 
we sometimes use the notation P(vj) instead of P(t). 

Definition 2.19. We call t G T an Rp-generic point if wt G w (with 
w G Wo) implies that w G Wp. 

Remark 2.20. Notice that ift G T is Rp generic then Rp(t) C Rp (but 
not conversely). In particular, the set of Rp nongeneric points is con- 
tained in a finite union of cosets of the finite collection of codimension 
1 complex subtori HofT such that a(H) = 1 for some a G Ro\Rp. 

2.12.2. Lusztig's first reduction Theorem. Lusztig [TT] associates idem- 
potents e wm G Ht with the equivalence classes ww G Wot. By Lusztig's 
first reduction Theorem (cf. [TT] ) we know that if u, v G W p , then 
i°e ro i°_i is a well defined element of H t , an d that we have the decom- 
position (compare with ^3], equation (4.46)) 

(2.18) 7U= L u e w n(iU- 

u,v&W p 

Moreover, the subspace 6°e ro 7Yf is equal to e uro 7Yte^ ro . When u = 
v then this is a subalgebra of Tit, and when u = v = e then this 
subalgebra reduces to e m H[, which is isomorphic to TCf via x — > e m x. 
Finally, for x G Tlf we have the formula 6°(e ro x)t°_i = e um ip u (x). 

We will use this in the situation that t G T is is of the form t = rpt p 
with Wprp C Tp the central character of a discrete series representa- 
tion (Vs,5), and t p G T p (this is the case if Wot C T is the central 
character of a representation which is induced from (V5, 5). Recall that 
in this situation rp G Tp is an (Rp, gp)-residual point ( Theorem 12.8(1 . 
Therefore, i?p(t) D Rp ([Mj, Proposition 7.3), and Rp(t) = Rp for an 
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open dense subset of T p (the complement of a subvariety of codimen- 
sion 1 in T p ). Thus t = rpt p is i?p-generic iff Rpit) = Rp, and then 
the equivalence class of t is equal to zu = Wpt. 

2.12.3. Application. We will use the above result (j2.18|) when analyzing 
a finite functional / 6 A or a representation tt of 7i which contains a 
power X™ of X t in its kernel. 

We can thus view / (or tt) as a linear function on the quotient 
7i/X™7i. Since this quotient is finite dimensional (by Theorem 12.1)1 . 
we have 

(2.19) H/l?H = H t /l?H t . 

In this way we can view / (resp. tt) as a functional (resp. represen- 
tation) of the completion TCf. For example, this applies when Wot is 
the central character of an irreducible representation tt. We can view 
tt as a representation of the quotient TC" := 7Y/X t 7^ (the case n = 1 of 
(12. 19)1 ). and the matrix coefficients of tt can be viewed as functionals 

on n % . 

3. Fourier Transform 

In this section we briefly review the Fourier transform on L^iTi.) 
as formulated in (T^j. The spectral data are organized in terms of 
the induction functor on the groupoid of unitary standard induction 
data Wh u ■ Finally we formulate the Main Theorem 14.31 and discuss its 
applications. 

3.1. Induction from standard parabolic subquotient algebras 

Let P C F and let Wp C W be the standard parabolic subgroup of 
W Q generated by the simple reflections s a with a G P. Let H p C H be 
the subalgebra 7i p := TC(Wp) -AcH, and let Hp denote the quotient 
of 7i p by the (two sided) ideal generated by the central elements 9 X — 1 
where x G X is such that (x, a v ) = for all a G P. Then Tip is again 
an affine Hecke algebra, with root datum Tip = (Rp, Xp, R P ,Yp, P), 
where X P = X/P v,± and Y P = Y H MP V , and root labels q P that are 
obtained by restriction from R nr to Rp ;QT . 

There exists a parameter family of homomorphisms <p t p : 7i p — > Tip 
with t p G T p C T, the subtorus with character lattice X p = Xj [X n 
M.P), defined by 4> t p(9 x T w ) = x(t p )9 x T w , where x G Xp denotes the 
canonical image of x in Xp. The kernel of <p t p is the two-sided ideal 
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generated by elements of the form x(t p )~ 1 6 x — 1, with x E X such that 
(x, a v ) = for all a e P. 

Let (Vg, S) be a discrete series representation of the subquotient 
Hecke algebra Tip. Let WpVp be the central character of 5. It is 
known that rp is a residual point of Tp (cf. j!4j . Lemma 3.31), the 
subtorus of T with character lattice Xp. 

Now let t p G T p , and let S t p denote the lift to Ti p of S via <p t p. Then 
the induced representation n = n(TZp,Wprp,5,t p ) from the represen- 
tation S t p of 7i p to Ti is a unitary, tempered representation (cf. [T3j, 
Proposition 4.19 and Proposition 4.20). 

3.1.1. Compact realization of 7r(Rp,W P r P , 5, t p ). Put Ti(W p ) C 7i for 
the finite dimensional linear subspace of Ti spanned by the elements 
N w withw eW p . Then 

(3.1) n ^ n(w p ) ® n p , 

where the isomorphism is realized by the product map. Therefore we 
have the isomorphism 

(3.2) Ti ® H r V s ^ i(V s ) := H{W P ) ® V s . 

We will use this isomorphism to identify the representation space of 
7r(P, Wpr P , 5, t p ) with i(Vg). This realization of the induced repre- 
sentation is called the compact realization, by analogy with induced 
representations for reductive groups. 

According to [T4"] . Proposition 4.19, the representation tt(P, Wprp, S, t p ) 
is unitary (i.e. a ^representation) with respect to the Hermitian inner 
product 

(3.3) (hi ® Vi, h 2 <S> v 2 ) = T(hlh 2 ){vi, v 2 ), 

where (vi, v 2 ) denotes the inner product on the representation space Vs 
of the discrete series representation (Vg,6). 

More generally, for t p G T p the Hermitian form (•, •) on i(Vg) defines 
a nondegenerate sesquilinear pairing of 7i-modules as follows: 

(3.4) tt(P, Wpr Pj 6, t p ^) x vr(P, W P r P , 6, t p ) -> C. 

3.2. Groupoid of standard induction data 

Let V denote the power set of Fq. Let H (respectively E u ) denote 
the set of all triples ^ = (P, 5, t p ) with P G V, 5 an irreducible discrete 
series representation of Tip (with underlying vector space Vs), and t p G 
T p (respectively t p G T p ). We denote the central character of 5 by 
W P r P . 
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Let W denote the finite groupoid whose set of objects is V and such 
that the set of arrows from P to Q (P, Q G V) consists of Kq x W(P, Q) , 
where K Q = T Q n T Q and Q) = {w G W \ w(P) = Q}. The 

composition of arrows is defined by (ki, Wi)(k2, w?) = (fciw^fe),^^)- 
This groupoid acts on H as follows. An element g = k x n G /Cq x 
W(P, Q) of Wh defines an algebra isomorphism ?/> 9 : 7ip — > Hq as 
follows. An element n G W(P, Q) defines an isomorphism from the 
root datum (Hp, qp) to (Hq, qq), which determines an algebra isomor- 
phism ip n . On the other hand, if k G Kq then ipk '■ 'Hq — * 7~Iq is 
the automorphism defined by ipk(9xN w ) = k(x)9 x N w . Then ip g is de- 
fined by the composition of these isomorphisms. We obtain a bijection 
tyg : A Wprp — > A k -i WQn ( rp ) (where A Wprp = A PiWprp denotes a com- 
plete set of representatives for the equivalence classes of irreducible dis- 
crete series representations of Tip with central character Wprp) char- 
acterized by the requirement ^f g (S) ~ 5 o The action of W on H 
is defined by: g(P,6,t p ) = (Q,^ g (5),g(t p )), with g(t p ) := fcn(t p ). 

Definition 3.1. The fibred product W-= = WxpS is called the groupoid 
of standard induction data. The full compact subgroupoid Ws jU = Wx v 
S u is called the groupoid of tempered standard induction data. 

Definition 3.2. An element £ = (P,5,t p ) G 5 is called generic if 
t = rpt p is Rp-generic (cf. Definition \2. 1 y\) . where rp G Tp is such 
that Wprp is the central character of S. 

The groupoid Wh,« was introduced in [T3j (but was denoted by Ws 
there) and plays an important role in the theory of the Fourier trans- 
form for Ji. It is easy to see that Ws is a smooth analytic, etale 
groupoid, whose set of objects is equal to H. Thus Wh is a union 
of complex algebraic tori, and therefore we can speak of polynomial 
and rational functions on 5 and on W~. This also applies to the full 
compact subgroupoid Ws, u - 

Theorem 4.38 of ^1] states that there exists an induction functor 
7T : Ws,u ~^ PR e Punit,temp(,7~£) i where the target groupoid is the cate- 
gory of finite dimensional, unitary, tempered representations of Ti, in 
which the morphisms are given by unitary intertwining isomorphisms 
modulo the action of scalars. The image of £ = (P, S, t p ) G S M is the 
representation 7r(£) := tt(P, Wprp, S, t p ) of TC, in its compact realiza- 
tion, as was defined in subsection 13.1.11 

The intertwining isomorphism n(g,£) : i(V$) — > i(V^ g ^)) associated 
with g = k x n G Kq x W(P, Q) is the operator A(g, 1Z P , W P r P , 5, t p ) 
which was defined in ^3] (equation (4.82)). In order to explain its 
construction we need to use Lusztig's theorem on the structure of the 
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formal completion of 7i at the central character of 7r(£) (cf. Subsection 
I2H2J). The central character of 7r(£) (f = (P,5,t p )) is equal to W t 
with t = rpt p , where Wptp denotes the central character of 5. Recall 
that we can then extend 7r(£) to the formal completion 7i t of 7i with 
respect to the maximal ideal T t of Z at W t (cf. I2.12.3j) . 

First we consider the case where £ is generic (Definition EH1 Remark 
12. 20(1 . For w G W p , w ^ e, the idempotent e W0J (cf. equation I2.18|) 
vanishes on 1 <g> V$ C z(Va), where the action is through 7r(£) (extended 
to the completion). Therefore we have the natural isomorphisms of 
vector spaces: 

(3.5) i(V s ) ~ W ® n r V s 

- Ht ® e „*f V S 

where e ro 7if ~ acts on Vs via 5 t p, extended to the formal comple- 
tion at the central character Wpt. We will often suppress the subscript 
e m H P of <g>. 

Let us now define the unitary standard intertwining operators iv(g, £) 
in this case where £ is generic. First we choose a unitary isomorphism 
fig '■ Vs — > V$ 9 (5) intertwining the representations 5 o t/j" 1 and \& s (<$). 
Then we define 

(3.6) 7r(g,0--i(V s )^i(V* g{d) ) 

where we use the isomorphism of equation (|3.5|) to view the right hand 
side as an element of i(V& g rs))- It follows easily that ir(g,£) is an inter- 
twining operator between 7i"(£) and n(g^). 

For general £ we need the following regularity results from j!4j . The 
matrix elements of 7r(g, £) are meromorphic in £, with possible poles 
at the nongeneric £. However, it was shown in ^3], Theorem 4.33, 
that for i?p-generic t = rpt p , 7r(<?,£) is unitary with respect to the 
Hilbert space structures of i(Vg) and i(Vqt g (s)) (which are independent 
of t p G T p , cf. equation (|3.3|0 . Together with a description of the 
locus of the possible singularities of 7r(<7,£) (as a rational function on 
B.p t s, the set of induction data of the form (P,5,t p ) with t p G T p ), 
this implies (according to a simple argument, cf. [2], Lemma 8) that 
7r(g,£) has only removable singularities in a tubular neighborhood of 
B.p t s >u (the subset of triples in Epj with t p G T p ). Thus 7r(g,£) has 
a unique holomorphic extension to a tubular neighborhood of 
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This finally clarifies the definition of ir(g,£) for general £ G ^p,s, u (and 
in fact in a "tubular neighborhood" of this subset of Sp )5 ). 
We conclude with the following summary of the above 

Theorem 3.3. The induction functor n : Wh,« — > PR-ep unitjtemp (7i) is 
rational and smooth. 

By this we simply mean that on each component Sp j( 5 jU of S u , the 
representations 7r(£) can be realized by smooth rational matrices as 
a function of £ G Sp j( j jU , and also the matrices of the 7r((?, £) are both 
rational and smooth in £ G Hp<5, u . We note that the matrices 7r(£; /i) : = 
7r(£)(/i) (for h E H fixed) are in fact even polynomial, and that the 
matrices 7r(fc, £) (for A; G Xp) are constant. 

3.3. Fourier transform on L 2 (H) 

Let V£ denote the representation space of 7r(£), £ G S. Thus V£ = 
i(V^) if £ = (P,S,t p ), and this vector space does not depend on the 
parameter t p G T p . We denote by V- the trivial fibre bundle over S 
whose fibre at £ is V^, thus 

(3.7) V H := U (Pi5) Sp i5 x i(^) 

where E.p t s denotes the component of S associated to P G P, and 
(V$, 5) G Ap, a complete set of representatives of the irreducible dis- 
crete series representations 5 of Hp. We denote by End(V-) the en- 
domorphism bundle of V=, and by Pol(S, End(V=)) the space of poly- 
nomial sections in this bundle. Similarly, let us introduce the space 
Rat r69 (S u , End(Vn)) of rational sections which are regular in a neigh- 
borhood of E u . 

There is an action of W on End(V-) as follows. If (P,g) G W P 
(the set of elements of W with source P G V) with g = k x n G 
K Q x W(P,Q), £ G Sp, and A G End(E ? ) we define := n(g,£) o 

^4 o 7r(#,0 _1 e End(Vg (0 ). A section of / of End(V H )) is called W- 
equivariant if we have /(£) = fi'~ 1 (/(5 , (0)) fo r all £ G H and g G 
(where W 5 := W P if £ = (P, 5, t p )). 

Definition 3.4. PEe define an averaging projection pw onto the space 
of W-equivariant sections by: 

(3.8) Pw (f)(o ■= mr 1 E 9-\mz)))- 

geWi. 

Notice that this projection preserves the space Rat re9 (S u , End(V=)) ; but 
not the space Pol(S, End(V s )). 
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The Fourier transform Tu on Ti is the following algebra homomor- 
phism 

(3.9) Tn-.U^ Pol(H u , End(V H )) w 

fc-{£-7r(£;/0} 

where Pol(S, EndC^s)) 1 ^ denotes the space of W-equivariant polyno- 
mial sections of End(V~)). 

We will now describe a W-invariant measure /ipj on E u whose push 
forward to W\5 U will be the Plancherel measure of H, ( Jl] , Theorem 
4.43). Put f = (P,S,t p ) G ~ u and let t = r P t p We write d£ : = 
\Kp j s\dt p where dt p denotes the normalized Haar measure of T p and 
where Kp^ denotes the stabilizer of 5 under the natural action of Kp 
on Ap. Let fC< W denote the normal subgroupoid whose set of objects 
is V, and with Hom^P, Q) — unless P = Q, in which case we have 
Hom^(P,P) = iTp. Thus W P //C P = {w G W \ w{P) C P }. Let 
fi>n P ,Pi({fi}) denote the Plancherel mass of 5 with respect to Hp (see 
[Hj, Corollary 3.32 for a product formula for fi-jz Pt pi({5})). We now 
define the Plancherel measure \ipi. 

Definition 3.5. 

(3.10) d m {t) := g(^ P )- 1 |Wp//C P rV^,«({n)|c(Or 2 ^ 
where c(£) zs i/ie Macdonald c-function, see Definition \8. 7| 

This measure is smooth on E u fProposition l8.8f v)). and it is invariant 
for the action of W on E u , by Proposition I8.8f ii). 
With these notations we have: 

Theorem 3.6. flHj. Theorem 443) 

(i) JF W extends to an isometric isomorphism 

(3.11) ^ : L 2 (W) -> L 2 (H„,End(V 3 ),/ip,) W , 

where the Hermitian inner product (•, •) on L 2 (S U , End(V=), /ip;) 
zs defined by integrating the Hilbert- Schmidt form (A,B) : = 
tr(A*B) in the fibres End(V^) against the above measure fipi 
on the base space E u . 

(ii) If x E C;(H) C L 2 {H) then F(x) G C{E U , End(V H )) w 

(iii) Let C*(H)° denote the opposite C* -algebra of C*(H). Let 
(x,y) G C*(7i) x C*(Tt)° act on L 2 (7i) via the regular repre- 
sentation X(x) x p(y), and on L 2 (E U , End(V=), Hpi) W through 
fibrewise multiplication from the left with F{x) and from the 
right with T{y). Then T intertwines these representations of 

C*(H) x c;{H)°. 
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Proof. As to (ii), first recall that according to Equation ()3.9j) . JF W (7Y) c 
Pol(E u ,End(V s )) w . By ([Hj, Theorem 4.43(iii)) one easily deduces 
that \\h\\ = H^wWIIsup for all h E H, where ||cr|| sup := sup ?eHu |K£)II° 
(where ||cr(£)|| denotes the operatornorm of cr(£) G End(V^)). Hence 
T{C* r {H)) cC(S u ,End(V H )) w . 

Now (iii) follows from (ii) and ([O], Theorem 4.43(iii)). □ 

The following easy corollary is important in the sequel: 

Corollary 3.7. f|14j. Theorem 4-45) The averaging operator pw de- 
fines an orthogonal projection onto the space ofW-equivariant sections 
in L 2 (S U , End(Vs), /Up;). Moreover, if 

(3.12) J : L 2 (H tt ,End(V H ),/!«) -> L 2 (W) 

denotes the adjoint of T (the wave packet operator), then JT = id and 
TJ = pw. 

Proof. Theorem 13.61 implies that JT := id and that TJ is equal to 
the orthogonal projection onto the space of W-equivariant L2-sections 
ofEnd(V H ). 

On the other hand, since the action of W on End(Vs) is defined in 
terms of invertible smooth matrices (cf. Theorem 13 .3|) . p>v preserves 
the space of L 2 -sections. By the W-invariance of fipi, the projection 
pysi on L 2 (S U , End(V=), /ip/) is in fact an orthogonal projection. This 
finishes the proof. □ 



4. Main Theorem and its applications 

The space of smooth section of the trivial bundle End(V=) on H u 
will be denoted by C°°(S U , End(Vs))- We equip this vector space with 
its usual Frechet topology. The collection of semi-norms inducing the 
topology is of the formp(cr) := supg gHti ||£)cr(£)|| , where D is a constant 
coefficient differential operator on E u (i.e. one such operator for each 
connected component of 5 U ), acting entrywise on the section a of the 
trivial bundle End(V=), and where || • || c denotes the operatornorm. It is 
obvious from the product rule for differentiation that C°°(S U , End(V=)) 
is a Frechet algebra. 

The projection is continuous on C°°(E U , End(Vs)), since it is 
defined in terms of the action of W on S u , and conjugations with 
invertible smooth matrices. Thus the subalgebra C°°(S U , End(V=)) w 
of W-equivariant sections is a closed subalgebra. 

We now define the vector space 
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Definition 4.1. 

(4.1) C(E U , End(V=)) := cC°°(E u , End(V a )), 

where c denotes the c- function of Definition \8. 7| on E u . We equip 
C(E U , End(V=)) with the Frechet space topology ofC°°(E u , End(V=)) via 
the linear isomorphism C°°(E U , End(V=)) — > C(E U , End(Vs)) defined by 
a — > ca. 

Lemma 4.2. The complex vector space C(E u ,End(V~)) is closed for 
taking (fibrewise) adjoints, and 

(4.2) C(E u ,End(V s )) C L 2 (H u ,End(Vk),/ip Z ). 
Moreover, 

(4.3) C°°(E U , End(V s )) C C(S U , End(V a )) 
is a closed subspace. 

Proof. It is closed for taking adjoints by Proposition 18. 8f iv) (applied to 
d = w p G W(P,P')), and it is a subspace of L 2 (E U) End(V=), Hpi) by 
Proposition 18. 8f i). The last assertion follows from Proposition I8.8f v). 
□ 

Now we are prepared to formulate the main theorem of this paper. 

Theorem 4.3. The Fourier transform restricts to an isomorphism of 
Frechet algebras 

(4.4) F s --S^C°°(E u ,End(V s )) W . 

The wave packet operator J restricts to a surjective continuous map 

(4.5) J c :C(E u ,End(V s ))^S. 

We have Jc^s — ids, an d FsJc — Pw,c (the restriction of pw to 
C(E U , End(Vs)) )■ In particular, the map pw c is a continuous projection 
ofC(E u ,End(V s )) onto C°°(E u ,End(V s )) W . 

4.1. Applications of the Main Theorem 

Before we embark on its proof we discuss some immediate conse- 
quences of the Main Theorem. 

Corollary 4.4. (Harish- Chandra's completeness Theorem, cf. [H], and 
[TUj . Theorem 14-31) Let £ G E u . The complex linear span of the set 
of operators {ir(g, £) | g G Endw s (V^)} is a unital, involutive subalgebra 
o/End(V^). For all £ G E u , the centralizer algebra 7r(£, Ti,)' is equal to 
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Proof. Let £ = (P,5,t p ) and denote by C End(i(V^)) the complex 
linear span of the set of operators {n (g,£) \ g G Endw H (V^)}. By 
Theorem 13 .31 C% is an involutive (i.e. *-invariant), unital subalgebra of 
End(i(V^)). Theorem 14 .31 implies that 7r(£, ft) = CI. The Bicommutant 
Theorem therefore implies that = 7r(£, ft)'. □ 

Corollary 4.5. The center Z$ of S is, via the Fourier Transform Ts, 
isomorphic to the algebra C^iEuf^ ' . 

Proof. The algebra of scalar sections of C°°(E U , End^s^)) 1 ^ is isomor- 
phic to C 00 {E u ) yv , and is contained in J-'si^s) by Theorem 14.31 To 
show the equality, observe that Corollary 14.41 implies that an element 
of T S (Z S ) is scalar at all fibers End(Vg) with £ G E u generic (since 
Endyv s (V^) = C in this case). By the density of the set of generic 
points in E u we obtain the desired equality. □ 

Notice that Z$ is in general larger than the closure in S of the center 
ZdiH. 

Corollary 4.6. (Langlands 7 disjointness Theorem, cf. Theorem 
14-90) Let£,£' G E u . //7r(£) andn^') are not disjoint, then the objects 
£, £' of Ws u are isomorphic (and thus, 7r(£) and tt(£') are actually 
equivalent) . 

Proof. Corollary 14.51 implies that Z$ separates the W-orbits of 5 U . 
Whence the result. □ 

Corollary 4.7. The Fourier Transform T restricts to a C* -algebra 
isomorphism 

(4.6) T c : C*(H) - C(E U , End(V H )) W , 

where C*(ft) denotes the reduced C* -algebra o/ft (cf. |14j . Definition 

2.4). 

Proof. By Theorem 13.61 the restriction of T to C*(ft) is an algebra 
homomorphism. It is a homomorphism of involutive algebras since 
7r(£;x*) = 7r(£;x)* (cf. Subsection ETTJ). 

The reduced C*-algebra C* (ft) of ft is defined in |T3j as the norm clo- 
sure of A (ft) C B{L 2 {H)). By Theorem EH the norm ||ac|| of C r *(ft) is 
equal to the supremum norm || T(x) || sup of the W-invariant continuous 
function £ — > ||7r(£;x)|| on E u (where ||7r(£; h)\\ denotes the operator 
norm for operators on the finite dimensional Hilbert space = i(Vs)). 
Notice that, by the regularity of the standard intertwining operators, 
the projection operator pw restricts to a continuous projection on the 
space of continuous sections of End(V-). 
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By Theorem 14 .3[ the closure of J-(S) with respect to || • || sup is equal 
to C(E, U , Fjiid{Vs)) w ■ In view of Theorem IH.fif ii) this finishes the proof. 
□ 

Corollary 4.8. The set of minimal central idempotents of C*(7i) is 
parameterized by the (finite) set of W -orbits of pairs (P, 5) with P <EV 
and S G Ap. The central idempotents e^p t s) are elements of S. 

Proof. This is immediate from Theorem 14.31 and Corollary 14.71 □ 

Corollary 4.9. The dense subalgebra S C C*(7i) is closed for holo- 
morphic functional calculus. 

Proof. According to a well known criterium for closedness under holo- 
morphic functional calculus, we need to check that if a G S is invertible 
in C*(H), then a -1 G S. This is obvious from Theorem 14 . 31 and 14 . 71 □ 

5. Constant terms of matrix coefficients of 7r(£) 

In the remainder of this paper we will prove the Main Theorem 
Theorem 14.31 A main tool is the notion of the constant term f p of a 
function / G A temp with respect to a standard parabolic subset P eV. 

5.1. Definition of the constant terms of / G A temp 

It this section we define the constant term of a tempered finite func- 
tional / G A temp along a standard parabolic subalgebra Ti p of TL. Recall 
the notion of exponents I2.1UI and the Casselman criteria for tempered 
finite functionals. 

Definition 5.1. Let P C Fq, and Rp the standard parabolic subsystem 
with that subset. For real characters t\, t 2 on X we say that t\ <p t 2 
if and only if t\{x) < t 2 (x) for all x G X P)+ := {x G X \ Va G 
P : (x,a v ) > 0}. In other words, t\ <p t 2 iff both t\ <p t 2 and 

Thus t\ <p t 2 iff t\t 2 1 = riaep^a ® aV ) w ith < d a < 1, where 
d <S> ce v G T rs is the real character defined by d <8> a v (x) = d^ x ' aV K 

Definition 5.2. (Constant term) Let P eV and f G A temp . Then we 
define the constant term of f along P by 

f P (h):= Mh). 

tee:\t\<pl 
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where (in the notation of Corollary \2. 14]) ft(h) ■= E{(h,0), and the 
coefficients E{ and the set e are defined by the ex i pansion \2.1h\ We say 
that an exponent t G e of f is P-tempered if it satisfies the condition 
\t\ < P 1. 

The notion of cuspidality (cf. Definition 12.17)) can now be reformu- 
lated as follows: 

Corollary 5.3. Let f G A temp . Then f G A cusp iff f p = for every 
proper P EV . 

Observe the following elementary properties of the constant term: 

Corollary 5.4. (i) f p G A temp . 

(ii) L x commutes with f — > f p if x G TC P . 
(hi) R y commutes with f — > f p for all y EH. 
(iv) f p eL x (f) = f-Acf-H. 

The projection of / to f p can be made explicit using an idempotent 
e p in a formal completion of A C Ti. Such completions were introduced 
and studied by Lusztig [11 J (cf. Subsection I2.12|) . This will be applied 
to the case were / is a matrix coefficient of a parabolically induced 
representation in the next subsection. 

5.2. Constant terms of coefficients of 7r(£) for £ G H u generic 

In this subsection we assume that £ is generic unless stated otherwise 
We will now discuss the constant terms of a matrix coefficient of 
ii = 7r(£) in the case where £ = (P,S,t p ) G H u is generic. Choose 
rp G Tp such that Wprp is the central character of 5. We thus assume 
that t = r P t p G T is R p-ereneric in this subsection. 

Let a, b G i(Vs), and denote by / = f a ^ = f a ,b(0 the matrix co- 
efficient defined by f{h) = (a,ir(£;h)(b)). By [T3], Lemma 2.20 and 
Proposition 4.20, we have: If t p G T p then f ajb G A temp for all 
a,b G H(W P ) <g> Vtf. More precisely: 

Proposition 5.5. T7ie exponents of f are of the form wt' where w 
runs over the set W p and where t' runs over the set of weights of 5 t p, 
thus t p times the set of Xp- weights of 5. 

Now let Q C F be another standard parabolic. By proof of [T4] . 
Proposition 4.20 we deduce: 

Proposition 5.6. Let w G W p and let u G Wp such that wut is an 
exponent of f. If wu\t\ <q 1, then w(P) C Rq,+ - 
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Proof. The equivalence class w of t = rpt p is equal to Wpt (since we 
assume genericity). If wut is an exponent then wut = w't' with t' an 
X-weight of 5 t p and w' G W p . Thus t! and ut are both in zu, the 
equivalence class of t. Hence by genericity, w' = w and thus ut = t', a 
weight of 5 t p. But 5 is discrete series for Hp, hence \ut\ = ELgp d a ®Oi w 
with all < d a < 1- Thus wu\t\ = Yl a ^p d a ®w(a y ) <q 1 implies (since 
for all aeP: w(a v ) G i^ >+ ) that io(P) C Pq,+. ' □ 

Corollary 5.7. Recall that the equivalence classes in Wot are of the 

form ww with zu = Wpt and w G W p . If an exponent wt' of f (with 
w G W p and t' a weight of d~ t p ) is Q-tempered, then all exponents 
of f in its class wzu are Q-tempered. The class wzu (w G W p ) is 
Q-tempered if and only if w(P) C Rq,+ - 

Proof. Since w(P) C Rq,+ we have wWpw -1 C Wq. Hence ww C 
WQwt, so that all elements oiww have the same restriction 1 to XdQ- 1 -. 
□ 

Now we will express the constant term of a matrix coefficient of 
7r(£) in terms of the idempotents e ro of the completion Tit- Recall the 
material of Subsection 12.121 

We will use the analog of Lusztig's first reduction theorem (j2.18|) for 
Tit, in combination with the results in ([E], Section 4.3) on the Hilbert 
algebra structure of H 1 , the quotient of by the radical of the positive 
semi-definite Hermitian pairing (x,y)t '■— Xt{x*y), in order to express 
and study the constant term. 

Proposition 5.8. We have that 

f Q (h) = J2 f( e ^ 

weW p :w(P)cR Qt + 

Proof. Let us denote by J w the ideal in A Ww( - p '> of elements in this ring 
vanishing at ww. Clearly I t C J w for all w. By some elementary 
algebra (similar to proof of Prop 2.24(4) in ^Hj) we see that for every 
x G J w and k G N there exist ai£l( and a unit e in A mvj such that 

ex G x + m^, 

where m w denotes the ideal of all functions in A which vanish at the 
points of ww. (To be sure, we construct x by first adding an element 
u G such that x + u is nonzero at the other classes w'w with w' G 
W p , w' j^z w . Take x equal to the product of the translates (x + u) w 
where w runs over the set of left cosets Wq/W w (p). Let e be equal to 
the product of these factors (x + u) w where w runs over the set of left 
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cosets Wo/W w (p) with w ^ W w (p)). Let M be the ideal of functions 
in A vanishing at W$t. Then M = Y[ Tn w and by genericity the ideals 
m w are relatively prime. So Am = ®-A mw by the Chinese remainder 
theorem. Then e WVJ is the unit of the summand A mw . Let e WVJ be 
the unit of R := A mw /l t A mw (the canonical image of e wm e A niw ). 
Note that R is finite dimensional over C, and thus R is Artinian. By 
definition of m w , m w e ffit3 is contained in all the maximal ideals of R. 
Hence m w e WVJ is contained in the intersection of the maximal ideals of 
R, which is nilpotent in R (see the proof of Theorem 3.2 of 12 ]). In 
particular, for sufficiently large k, m k w e wm C T t A m , w , whence 

But then the right hand side is in the kernel of 7T, thus we conclude 
that Jyj e wm is in the kernel of tt. In particular, the element (for any 
z E X) e z := Y[ y& w w(P) z(( wt )( z y le y - 1) e -4 acts by zero on the 
finite dimensional space of left ^4-translates of h — > f{e wzu h). Thus the 
exponents of / —>■ f(e wm h) are contained in ww. 
We obviously have 

/(*) = E /c^) 

(splitting of 1 according the decomposition of ^4m)- By the results 
in this paragraph, an exponent of h — > f(e wzu h) is Q-tempered iff all 
exponents of this term are Q-tempered iff w(P) C Rq,+- Hence the 
result. □ 

Corollary 5.9. The constituents f(e wvo h) depend on the induction pa- 
rameter t p as a rational function. 

Proof. In the proof of Corollary 15.81 we can equally well work over 
the field K of rational functions on T p instead of C. Then e WVJ G 
A{K) M /l t A{K) M = A{K)/l t A{K). Hence the result. □ 

5.3. Some results for Weyl groups 

We want to work with standard parabolics only, and w(P) C Rq,+ 
does not need to be standard. We resolve this by combining terms 
according to left Wq cosets. We use the following results (see jlj, 
Section 2.7). 

Proposition 5.10. Let P,Q e V. The set D Q ' P := (W Q )~ l n W p 
intersects every double coset WqwWp in precisely one element d = 
d(w), which is the unique element of shortest length of the double coset. 
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Proposition 5.11. (Kilmoyer) Let d G D Q < P . Then Wq fl Wd(p) is 
the standard parabolic subgroup of W corresponding to the subset L = 

Qnd(P). 

Let t G r P T p be Wp-generic as before, where Wpr P C T P is the 
central character of a discrete series representation 5 of Tip. Let w = 
Wpt be the equivalence class of t. 

Corollary 5.12. (i) Letw G W p be such thatww is Q -tempered. 

Then w(P) C Rq,+ - We can write w = ud with d = d{w) G 

D Q > P and u G Wq. Then d(P) C Q, and u G Wq {P) . Con- 
versely, if d G D®' p is such that d(P) C Q, then for all 
u G Wq PS} we have \ud(w)\ <q 1 (in other words, is Q- 
tempered). 

(ii) The classes w u ^ =: ud{w) with d G D Q ' P such that d(P) C Q 
and u G Wq P \ are mutually disjoint. 

Proof, (i) According to a result of Howlett (cf. A\, Proposition 2.7.5), 
we can uniquely decompose w as a product of the form w = udv with 
d = d(w) G D Q ' P , u G Wq Pi W L (with L = Q n d(P)), and v G W P . 
In fact v = e, since otherwise there would exist a a G -Rp,+ with 
u(a) = — a p G P. But then ud(a p ) < 0, which implies according to jlj, 
Lemma 2.7.1 that d(a p ) = a q G L. Hence u(a q ) < 0, which contradicts 
the assumption u G WqHW l . Thus we have d(P) = u~ l w{P) C Rq,+, 
whence W^p) C Wq. By Kilmoyer's result it now follows that W^p) = 
WQ n d(p). Hence d(P) C Q and L = d(P). The converse is clear. 

(ii) Suppose that zu u ^ fl tzv,d' 7^ 0- The Weyl group Wo permutes 
equivalence classes, thus this implies that (ud)^ 1 ^^^) G w. Since t 
is generic, there exists a v G Wp such that i/cf = wdu. By Howlett's 
result [4 , Proposition 2.7.5 this implies that v = 1, u = u' and d = d'. 
□ 

Corollary 5.13. For all d G D Q ' P with d(P) C Q we write 

This is a collection of orthogonal idempotents of Tit- The constant term 
of f = f a ,b(0 eauals 

f Q (h) = £ f d (h), 

d£DQ> p :d(P)(ZQ 
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where we define f d (h) := f (ewgd^h) . This is the contribution to the 
constant term of f whose exponents have the same restriction to 
IflQ 1 as d(t). 



5.4. The singularities of f d 

In this section we take the formulae of Corollaru \5.PA as a definition 
of and f d , even when t p G T p is not in T p . 

We will now bound the possible singularities of the individual con- 
tributions f d to f®, viewed as functions of t p G T p . We have seen in 
Corollary 15 .91 that f d extends to a rational function of £ G S. To stress 
this dependence we sometimes write f d {£,h). We write £ = (P,S,t p ) 
and put t — £(£) = r P t p , where r P G Tp is such that Wprp is equal to 
the central character of 5. 

Lemma 5.14. Let P,Q e V and let d G D Q > P be such that d(P) C Q. 
Let h, hi <EHf Then 

(5-1) &fcW = fi«(W(>)(t',h). 

Proof. This follows immediately from Corollary 15.41 □ 



Lemma 5.15. As in Lemma 5.14 Let g G Wp and put P' = g(P) 

A 1 . I U J ,M 1 1 I if 11 C 



According to Corollaru \5.1 6 A we can write dg~ l = u'd' with d' G D®' p ' 
and u' G Wq . We put t' = g(t) and w' = Wp>tf = g{w), so that 
&w Q dvj = ew Q d'm' ■ With these notations we have the following equality 
of rational functions of £: 

(5-2) /i(£; h) = /^x^^x*,) (<?(£); fc), 

where := (P, 5, 



Proof. This equation follows from the special case £ G Sp^ jU because the 
left hand side and the right hand side are obviously rational functions 
of £. In this special case the equation simply expresses the unitarity of 
the intertwiners (cf. Theorem 13. 3j) . □ 



Lemma 5.16. Let P,Q G V. Then Ti has the following direct sum 
decomposition in left Ti® -right 7i(Wp)-submodules: 

(5.3) ^=0 H Q , P {d), 

deDQ> p 



where H Q , P {d) := H Q N d H(W P ) . 
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Proof. Using the Bernstein presentation of Ti® and the definition of 
the multiplication in TC(Wq) we easily see that 

(5.4) H Q>P (d)= AN W . 

w&WqcIWp 

The result thus follows from the Bernstein presentation of Ti. □ 

After these preparations we will now concentrate on an important 
special case. 

Definition 5.17. Let 7Tq P : H — > Ti,Q t p(d) denote the projection ac- 
cording to the above direct sum decomposition. Given Q G V, denote 
by w Q = WqWq the longest element of W Q , and by Q' = w Q {Q) = 
-w (Q) G V. Then w Q ' = (m/ 3 )" 1 G D Q ' Q ' , and 

(5.5) H Q , Q ,(w Q ') = H Q N wQl = AN wQ ,H(W Q ,). 
Let pq : 7i — > 7i® be the left Ti® -module map defined by 

(5-6) PQ (h) := n£y(h)N£ 

(Observe that this map indeed has values in Ti® by \5.$ ). 
In ()5.5j) we have used that N wQ 'N w > = N w N wQ ' if w G Wq. 

Theorem 5.18. Let P,Q G V be such that P C Q. We put P' : = 

w Q {P) CQ' eV and? = w Q (0 := (P',S',t p '). 

Let a' G i{V 5 ,) = H{W P ') ® V s >, b' G H(W$) ® V s > C i(V s >) and let 
h G Ti. We introduce the unitary isomorphism 

(5.7) a := ^ wQ <g> 6 wQ : W(W^) ® V s -> W(Wj') <g> Ifr, 
and £/ie orthogonal projection 

(5.8) p : -> ® 
Wii/i i/iese notations, put 

(5.9) a: = p(7r( W Q ,r 1 ) _1 (a')) G ® V* 
6: =a- 1 (6 / ) G W(Wq ) ® Vs 

We then have, with c Q (£) := Y\ aeRo + \ RQ + c a (t), 

(5-10) ffAt'M = q(w Q )^ C Q (Of Q ,a, b ^PQ(h)). 

Here f Qja>b (? h) = / a , 6 (£, /i) (ustfi heH Q ,a,be H(W P ) ® V 5 j tte 
matrix coefficient (associated to the pair a,b) of the representation 

(5.11) tt q (0 :=Ind^P V 

ofTL® (which is tempered and unitary if £ G 
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Proof. Choose rp G Tp such that Wprp is the central character of 5, 
and write t' = w®(t) with t = rpt p . Since we are dealing with rational 
functions of £ it is sufficient to assume that £ is regular, i.e. that t is 
i?p-regular. We then extend 7r(£') to the completion 7i t (recall 12". 12.3)) 
and study tt(£') in the light of the isomorphisms ([2.18)1 and ([3.5)1 . 

We combine, in the decomposition ([2.18)1 applied to the parabolic 
P' = w®(P) and parameter t', the idempotents according to left cosets 
of Wqi. In other words, we partition W§t into the sets w(Q) with 
w G W Q ' and Q = W Q d' = W^'w' (with w' = w Q {w) = W P d'). These 
sets are evidently unions of the original equivalence classes in formula 
([2.18)1 (with respect to P' and t'), the left Wp/-cosets acting on t'. We 
denote the corresponding idempotents by (for all w G W® ) 

e tt ■= V e / 

Note that t' is P'-generic, and thus certainly Q'-generic. The struc- 
ture formula ([2.18)1 holds therefore, also in terms of the idempotents 
ej„, where we replace in ([2.18)1 the parabolic P 1 by Q'. 

Remark that e* qi^N^q = for any w G W with length of less than 
\Rq )+ \Rq\ (=the length of w Q '). Note by the way that e^ Q , Q = ejj^- t . 
Thus for all d G D Q ' Q ' , d ^ w Q ' we see that ej v - gt W <3 ' J '(d) e^g^ = 0. 

Hence for all /i G 7i, a' G i(T^') and 6' G W(Wq/) we have 

(5.12) /^(r, fc) = / y(e,Pq(%^i %t ). 

Since 6 , (£', Hit) = we can use the analog of formula (4.57) of [H] 
(we use here that the c-function c®(t) is Wig-invariant, together with 
the argument in the proof of the Proposition 15.81 This makes that we 
can evaluate the c-factors at t')\ 

(5-13) fi$tf,h) = q(w^^(t)f <b/ (e,P Q (hy wQl ). 

We use Lemma 15.141 and then rewrite the result using ([2.18)1 and Defi- 
nition EH3 Assume that b' — x' Cg) v' and b = a~ l (b') = x®v. Then 

il Ql {b') = il Q> {x'el Qit ,®v') 

= A Vq Aw q ^){x®v) 
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Thus we obtain 

(5.14) f£%(?,h) = q{w^ 2 c^{i)f alAwQm) {i', VQ {h)) 

= g(w Q ) 1/2 C Q (0/( 7r (^Q^-i)-i(a')),6(^PQ(^)) 

In the second step we use the unitarity of the intertwining operators 
7r(w®, £) to rewrite the matrix coefficient as a coefficient of the induced 
representation 7r(£) (extended holomorphically as in Lemma 15.151 in 
fact it is a simple special case of this Lemma). Since b G H.(Wq) (g> 
Vs and Pq(h) G H Q , we can project the vector n(w Q ,^ 1 )^ 1 (a') onto 
H(Wq) ® Vs, and consider the result as a matrix coefficient of 7r Q (£). 
□ 

Theorem 5.19. Fix P G V and 5 G Ap^^. VKe denote by E P> s C 5 
the collection of standard induction data of the form (P, S, t p ) with 
t p G T p , and by Ep^u C Epj the subset of such triples with t p G T p . 
Then for all d G D Q,P such that d(P) C Q and for all a, b G i(Vs), the 
rational function 

(5.15) e-ctfrv&fofc) 

regular in a neighborhood ofEp t g tU . 

Proof. We apply Lemma 15.151 with g = to^d G W(P, P') where P' = 
w Q (d(P)) C Q'. Notice that d' = w Q ' . Put f = and 

(5.16) o^Tr^r^Ca) 
We obtain 

(5.17) c(o-v^(e^) = c(o-V;J'(e'^). 

Now we can uniquely decompose b' in the following way 

(5.18) b' = ir(£,h)(b') 

with h G H(W Q ') and 6' G ^(W 7 ^') ® V 5 > C z(V~ 5 0- With the help of 
Lemma f5. 141 we get 

(5.19) ciO-'faA^h) = c^f^^M). 

We can now apply Theorem 15 . 1 81 with respect to P := d(P) C Q. We 
put £ := d(£) and 

(5.20) a : = P (tt(w q , £„" W)) G ft(W«J ) ® V 5 
b :=o--\b') eH(W Po )®Vs 



34 



PATRICK DELORME AND ERIC M. OPDAM 



to obtain: 
(5.21) 

where in general for Q D P we denote 

(5.22) c Q (£):= J] 

The regularity of the normalization factor cq(£o) -1 as a function of £o 
(and thus as a function of £ = <i -1 (£o)) follows from |14j . Theorem 
3.25, when we consider the tempered residual coset rpT^ C T for the 
Hecke algebra TL® (instead of Ti itself). It is a simple special case of 
Proposition 18.81V ). Similarly, the regularity of c(£) _1 c(£o) is asserted 
by Proposition I8.8( iv). By the regularity of the various intertwining 
operators we have used (cf. Theorem 13. 3|) it is clear that also ao, bo are 
also rational and regular on 'Ep t s, u - We have finished the proof. □ 

From the proof of Theorem 15.191 we obtain 

Corollary 5.20. Thus, the final conclusion of all these considerations 
is that for all h G Ti, P G V, 5 G Ap, and a, b G i(V$) fixed, the 
function 

(5.23) E PAu xTi Q 3 (£, h®) - ciO-'Cit h Q h) 

is a linear combination with coefficient functions which are regular ra- 
tional functions on Spj U; of normalized matrix coefficients 

(5-24) c Q (d(0r%,a^(£U Q ) 

of induced representations ofliP of the form 7T^(g?(£)) (where d ranges 
over the Weyl group elements d G D®' p such that d(P) C Q). 

6. Proof of the main theorem 

6.1. Uniform estimates for the coefficients of 7r(£) 

Recall that X + is the cone {x G X \ (x,a v ) > for all a G Ri,+}- 
We put = X + fl X - . This is a sublattice of elements in X with 
length 0. Recall that Q denotes the root lattice. The sublattice Q © 
Zx C X has finite index in X. If x = xq + G Q + + then 

(6.1) JV(x) =x Q (2p v ) + ||x z ||. 

Let us show that Q + is finitely generated over Z+. For each fundamen- 
tal weight 5j, let % = be the least multiple of 5i such that qi E Q 
(thus m, G N = {1, 2, 3, • • • } is a divisor of the index [P : Q}). These 
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multiples generate over Z + a cone C + C Q + . Let F be the fundamen- 
tal domain F = {^Uq^U G [0, 1)} of C, and let F Q = F n Q C Q + 
(a finite set). Clearly Fq and the {q{\ generate Q + over Z + . Let 
xi, • ■ • , x m , x m+ i, ■ ■ ■ , xn G X + such that xi, • • • , x m is a set of Z + - 
generators of Q + and that x m+ i, • • • , x^ G -^x is a Z-basis of Z^. 
By (|6.1|) we see that there exists a constant K > such that for all 
x G Q + + ATz and all decompositions x = /jXj with ij > if i < m, 
we have 

(6.2) ^ KN{x) 

(just observe that Xj(2p v ) > 1 if i G 1 . . . , to). We fix such a K > 0. 
We define a function z/ on T rs by 

v(t) = max({\xi(t)\ \i = m + 1, . . . , N} 

(6.3) U {\xi(wt)\ | i = 1, ...,m;w G W })- 

The positive real cone spanned by the elements wxj (u> G i — 
1, . . . , to) and ±x« (i = m + 1, . . . , A/") is the full dual of Lie(T rs ). 
Therefore the function log(z/) o exp is a norm on Lie(T rs ). 

Theorem 6.1. Let R > 1, P G V, and 5 G Ap be given. Choose 
a set Xi G X + as above and let K and v be as above. We use the 
notation v(\£\) := ^(|i P |) for £ = (P,5,t p ) G Ep t g. Define a compact 
neighborhood D P (R) C E P s ofE P $ u C E P s by D P (R) = {£ G Sp^ | 

Kl£l)<^}- 

There exists a d G N, and i/iere exzsfo a constant c > (depending 
on R only) such that for all w G W ; /or all a, b G i(Vj) ; and /or a// 
£ G D P (R), the matrix coefficient f a ,b(£,,N w ) satisfies 

(6.4) |/ a , fe (£,iV w )|< C ||a||||6||(l+ArH)^(lel) XArW 

Proof. Using equation (2.27) (also see the proof of Lemma l6.11|) we 
see that it is equivalent to show that f a ,b(£, N U 6 X N V ) can be estimated 
by the right hand side of (|6.4j) with w — x, for all u, v G Wo and 
x G X + . By applying right (resp. left) translations of the matrix 
coefficient / a ,&(£) by N v (resp. N u ) and by a set of representatives of 
the finite quotient X/(Q + Z x ) we see that we may further reduce to 
proving the estimates (|6.4|) for w = x G Q + + Z X - 

Recall (cf. 14J, Proposition 4.20 and its proof) that the the eigen- 
values of the matrix of 7r(^,6 x ) are of the form x(wi(r jt p )). Here the 
r,j G Tp are the generalized Xp-eigenvalues of the discrete series rep- 
resentation 5. By Casselman's criterion we know therefore that for 
all x G X + , x(wi(rj)) < 1. This implies that for all z G l,...,m, 
and for all £ G Hp j( j, the eigenvalues of ir(£,9 Xi ) are bounded by ^(|£|). 



36 



PATRICK DELORME AND ERIC M. OPDAM 



Then Lemma ITT1 allows to estimate the norm of tt(£, 0i iX ), by dividing 
Tr^AjbyKiei). 

Taking into account the fact that D R (P) is compact, one sees that 
the norm of 7r(£, 9 Xi ) is bounded if £ is in D R (P). By a simple product 
formula, one estimates the norm of tt(1;,8 x ). These estimates together 
with equation ()6.2|) imply the desired result. □ 

Corollary 6.2. For all constant coefficient differential operators D on 
Sp j( 5 there exist constants d G N and c > such that for all £ G Ep,s,u> 
for all a,b G i(Ks); an d for all w G W 

(6.5) |D/ a , 6 (£,i\y| < c||a||||6||(l + J\f(w)) d . 

Proof. This is a standard application of the Cauchy integral formula, 
starting with equation (|6.4j) . Choose a basis xi, . . . , x p of the character 
lattice X p of T p , and let yi,...,y p be the dual basis. Let C e := {v E 
Lie(T p ) | Vz : |^i(f)| = e}- We may assume that D is of the form 
D = D a := yi 1 . . .y p p . By the holomorphicity of f a ,b we have, for a 
suitable constant C a > and any choice of a sequence of radii e(w): 

(6.6) IT/ a , 6 (£, iVj = C a /" A ... A rfx 

Now use the estimates of Theorem 16 . II with the sequence e(w) chosen 
such that r(w) := max{i/(| exp(u)|) | v G C^ w )} is equal to 

(6.7) l + l/(l+A/»). 

But log(f) oexp is a norm on Lie(T p ), as well as Supj |xj(f)|. They are 
equivalent. Moreover log(l + x) > k'x for x G [0, 1], for some k' > 0. 
Together with 16.71 this implies that there exists a constant k > such 
that e(w) > k/(l +Af(w)). So equation (|6.6j) yields the estimate (for 
some constant d > 0) 
(6.8) 

\D a f a ^N w )\ < c'\\a\\\\b\\(l + Af(w)) d+ W(l + l/(l+Af(w))) KAf{w) . 
This easily leads to the desired result. □ 



Corollary 6.3. We have ^(S) C C°°(E U , End(V s )) w The restriction 
Fs °f F t° «5 defines a continuous map Ts '■ S — > C°°(S U , End(VH)) w - 

Proof. The equivariance of the sections in the image is clear. Recall 
that J-(N W ) G Pol(H u ,End(V H )) is defined by F(N W )(£) = ir(£, N w ). 

Hence by the estimates of Corollary 16.21 we see that for any continu- 
ous seminorm p on C°°(H U , End(Vs)) there exist constants C > and 
deZ + such that p(F(nJ)) < C{1 + H{w)) d . 
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Let b G Z + be such that < C b := ^2 weW (l +A/"(u>))~ 6 < oo, and 
let q = q p denote the continuous seminorm on S defined by q(x) : = 
CC b sup w \(x,N w )\(l+N(w)) d+b . Then p{F s {x)) < q(x) for all x G H, 
implying that JF 5 is a continuous map as claimed. □ 

6.2. Uniform estimates of the difference of a coefficient and its 
constant term 

We now introduce the important notion of a normalized smooth fam- 
ily of coefficients: 

Definition 6.4. Let P G V and let 5 G Ap be an irreducible discrete 
series of Tip with central character Wprp G Wp\Tp. We put £ = 
(P,S,t p ) G Sp j( 5 jU . A smooth family of coefficients o/7r(£), £ G Hp j( $ )U zs 
a family of linear functionals on Tt of the form: 

(6.9) H3h^Tr(<r(CM0(h)), 

where a is a section o/C°°(Ep i( 5 )lt , End(V=))- 

A smooth section o G C°°(Sps u , End(V~)) «s called normalized smooth 
when it is divisible (in the C^iz.p^^-module C°°(E.p i s tU , End(Vs))^ fry 
i/ie smooth function {£ — > c _1 (£)} G C°°(Hp ) 5 )U ) (c/. Proposition \8. 

A normalized smooth family of coefficients of 7r(£), £ G Hp )( 5 )U is a 
smooth family of coefficients \6. fy) for which o is normalized smooth. 

Remark 6.5. We frequently use t p rather than £ = (P,5,t p ) as the 
parameter of a family of coefficients. 

Corollary 6.6. It follows directly from the definitions that smooth 
(resp. normalized smooth) families of coefficients of tt(£), £ G Hp )( s jW , 
are stable under left and right translations by elements of h G 7Y. 

Moreover, Corollary 15.201 implies that: 

Corollary 6.7. The restriction to 1H9 of the constant term of a nor- 
malized smooth family o/7r(£) = ii(P,5,t p ), t p G T p , along Q G V is 
a finite sum of terms, each of these being a normalized smooth family 
of coefficients of 7P^(d(£)) ; where d is some Weyl group element with 
d(P) C Q. 

Lemma 6.8. Assume Zx = {0}. Let Hp^p 9 ( -> ^ a smooth 
family of coefficients. 

Let a G F , and put Q = F \ {a}. 

Let || • || denote a norm which comes from a W^-invariant euclidean 
structure on X ®z R. 
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Let a > and let denote the cone (over Z +y ) X+ = {x G X + \ 
(x, a v ) > a\\x\\}. Then there exists C, b > such that 

(6.10) | ($ 5 - ^){NJ X N V )\ < Ce-*H, 

/or a// x G X+, £ G 'Ep&u, u G Wg, and v G H^o- 

Proof. Recall that the lattice X contains the root lattice Q(Rq), and 
hence an integral multiple of the weight lattice P(Ro), kP(Ro) say. 
We put X' = kP(Ro) C X and we identify X' with 1} via a basis 
of X' consisting of the elements (kSp), (3 G F (where the dp are the 
fundamental weights), ordered in such a way that e\ = k5 a . The 
temperedness of ir(P, 5, t p ), t p G T p , and the fact that its central 
character is given by t = rpt p imply that the possible eigenvalues 
of n(P,6,t p )(9ks l3 ) are among the wt{k5p) with w G Wo such that 
\wt(k5/3)\ < 1. Moreover the modulus of wt(k6p), hence of wt(ei), does 
not depend on t p G T p . 

Hence if u — v — e and i£l' = kP(R ), (|6.1U|) follows, in view of 
the definition of the constant term, from Lemma f7. HI 

Let us now derive the general case of (|6.1U|) from this special case. 
Since Zx = {0}, X' is of finite index in X. One can assume that a is 
small enough, in such a way that is nonempty, otherwise there is 
nothing to prove. Let x G X+ and let y be the orthogonal projection of 
x on the line Wd~ a . By definition of Xq we have x — y G Xq, and since 
(x—y, f3 y ) = (x, /5 V ) for all (3 G Q we find that in fact x — y G Xq. Thus 

x—y is a nonnegative linear combination of the fundamental weights 5® 
of Rq. It is a basic fact that the fundamental weights of a root system 
(with given basis of simple roots) have nonnegative rational coefficients 
in the basis of its simple roots (indeed, this statement reduces to the 
case of an irreducible root system, in which case the indecomposability 
of the Cartan matrix implies that these coefficients are in fact strictly 
positive). Hence we have x — y G Xq C Q+Q. Since (/3, a v ) < for all 
P G Q, we see that (y, a y ) > (x, a v ) > a\\x\\ > a\\y\\. Hence kS a G . 

Let (xi, . . . ,x r ) be a set of representatives in X of X/X'. Let us 
show that one can choose the Xi in — X+. Our claim is a consequence 
of the following fact. If y G X, one has y + n5 a G for n large. In 
fact by the triangular inequality one has: 

(y + n5 a , a v ) — a\\y + nS a \\ > n((5 a , a v ) — a||5 a ||) + a(y) — a||y|| 

Thus, if x G X+ and x = x' + Xj, for some x' G X' and some i, one has 
x' G X'\. To get the estimates, one applies the previous estimates to 
the translates of the family <3>g by the N u (from the left), and by 6 Xi N v 
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(from the right), which are smooth families of coefficients themselves 
(cf. Corollary 16 .6|) . and taking into account Corollary 15.41 □ 

6.3. Wave packets 

Recall that J was introduced as the adjoint of T . Thus if a G 
^2(Sp,5 lU , End(Vs), Hpi) then J(cr) G L 2 (7Y), and is completely charac- 
terized by the value of (J7"(cx), h) where h G 7i. We have, using Theorem 
ESI that 

(6.11) 

J(a){h): = {J{a)\h) = {h\J{a)) = 

= {F{h'),a)=ii R j f Tr(a(07r(Z,h))\c(0\- 2 dt, 



where n n>s = q{w p ) X \W P /K P \ 1 fx 1ZptP i({8}) > 0. 

Recall Definition 14.11 Assume that a = c{w p -)a G C(5 U , End(V=)) 
(in other words, o G C°°(E pSiU , End(Va)))- 

Denote by $°" the smooth family of coefficients &g(h) = Tr(cr(£)7r(£, h)) 
associated with a. Then we have by ()6.1H) (with h G 7i) 

(6.12) J(a)(h) = VnjWvih), 
where we put for any a G C oa (E p s lU , End(V=)), 

(6.13) W a (h) : = / ^(^c- 1 ^)^ 



Theorem 6.9. For every k G Z+, there exists a continuous seminorm 
p k on C°°(Hp i( j )U , End(Vs)) such that 

(6.14) \W a (NJ x N v )\ < (1 + ||z||)-*p fc (<7), 

for all x G X + , u,v G W cr G C°°(Sp i( 5 )U , End(V s )). 

Proof. First, by using right and left translations by the N w , w G Wq, 
and Corollary 16.61 it is enough to prove (J6.14|) for u — v — 1. Thus, we 
assume u — v — 1 in the following. 

The proof is by induction on the rank of X. The statement is clear 
if the rank of X is zero. One assumes the theorem is true for lattices 
of rank strictly smaller than rank of X. 

For the induction step we consider two cases, namely the case where 
Z x 7^ (first case), and the case where Z x = (second case). 



40 



PATRICK DELORME AND ERIC M. OPDAM 



First case. In this case the semisimple quotient TCf of TC = TC F ° 
has smaller rank than TC. Recall the results of Proposition 12.21 and 
Proposition 12.31 Let us denote the semisimple quotient TCf of TC by 
TCq, its root datum lZp by 7Z etc. 

We have T P C T and T p D T°. Let T P = (T ) p be the connected 
component of e of the intersection To H T p . Then the product map 
Tp x T P — > Tq is a finite covering, as is the product map T p x T° — > T p . 
Let £ = (P, 5, t p ) and suppose that t p = t p t° for t p G T p u and t° G T°. 
Let £o = (P <Mo ) e "^o,^,<5,« denote the standard induction datum for 
TCo. Recall the epimorphism t o : TC — > TCo of Proposition ^. 31 It is easy 
to see that 7r(£) = 7r(£ )to, the pull back of the representation vr(^ ) of 
TCo t° H v i a fit - This implies that 

(6.15) n(Z)(O x )=t (x)7r(Z )(9 Xo ) 

for all x G X, where Xo G X is the canonical image of x in X . 

Hence, since c(£) = c(£ ) (indeed, use Definition 18 . 71 and observe that 
a{t) = a(rpt p ) = a(rpt p t°) = a{r P t p ) for all a G Rq) and since 

(6.16) / f(t p )dt p = [ f(t p t°)dt p dt° 

for all integrable functions / on T p , we have 

(6.17) W a {e x )=W , trx (6 Xo ), 
where a x G C oo (H^ 0i p i5)U , End(V So )) is defined by 

(6.18) a x (£ ) = [ t°(x)a(t p t°)dt° 

Jt° 

= [ t (x°)a(t p t°)dt , 
M 

and where x° is the canonical image of x in X°. 

From equation (|6.18|) it is clear, by harmonic analysis on the torus 
T p u x T°, that for all k G Z + and all continuous seminorms q on 
C°°(Etz ,p,5,u, End(Vs )), there exists a continuous seminorm p = 
on C°°(Hp Au , End(V H )) such that 

(6.19) q(a x ) = (l + \\x \\)- k p(a) 

for all x G X and for all a G C°°(Sp i5iM , End(V H )). 

Now apply the induction hypothesis to Wq i<Tx . In view of ()6.17|) and 
()6.19|) this yields the induction step in the first case. 

Second case. We now consider the case Zx = 0. If a G F and a > 0, 
one defines X+ a = {x G X + | (x,a y ) > a\\x\\}. We first prove that: 

(6.20) U ae p X+ a = X + \ {0}, for all a small enough 
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Let x G X + \ {0}. We write 

X = ( X ' aV ) S a 
aG-Fo 

where (5 a ) are the fundamental weights. For a > small enough, one 
has, by equivalence of norms in finite dimensional vector spaces: 

(6.21) 2a||x|| < sup agi?Q \{x, a v )|, x E X + 

Then, for x G X + \ {0}, choose a G Fq with (x,a v ) maximal. From 
(|fj.21jl . one has (x,a y ) > 2a||x||, hence, as \\x\\ ^ 0: 

(x,a v ) > a\\x\\, i.e. x G X^ a 

which proves ([6.20)1 . 

Hence it is enough to prove the estimates for x G X+ a . Let Q = 
Fq \ {a}. Then it follows from Lemma 16.8) that for some b > 0, and 
C > 0, one has: 

- ^ Q (9 X )\ < Ce- b W x \ for all x G X+ a , t p G T u p 

By integration of this inequality over T p against the continuous func- 
tion |c -1 (£)| it suffices to prove the estimates (|6.14|) after replacing 
by But by Corollary 15.20) the restriction to H Q of the con- 

stant term $^Pc _1 (£) of the normalized smooth family $^ P c -1 (£) of 
coefficients is a sum of normalized smooth families of coefficients for 
TZq = (X,Y, Rq, Rq,Q). This brings us back at the first case of the 
induction step, thus finishing the proof. □ 

Corollary 6.10. It follows from Theorem 1 6'. ,91 and Lemma 

[7H71 that J(a) G S for all a G C(E P;S)U , End(V 3 )), and that J c : 
C(Sp j( 5 jU , End(Vs)) ^ S is contiunous. 

By Lemma \4-%\ we see that in particular J(p) G S for all o G 
C°°(Hp )5)U ,End(V 3 )). 

6.4. End of the proof of the main Theorem 

We start with a basic technical lemma: 

Lemma 6.11. Let n G Z. There exists a constant C n with the following 
property. For all f G Ti* for which there exists C > such that: 

(6.22) \f(TJ x T v )\<C(l + \\x\\)~ n , u,veW ,xeX + 
then one has: 



\f(N w )\ < C n C(l+Af(w))- n , weW 
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Proof. As in |T3| (2.25), one writes, for w = uxv, with u, v G Wq,x G 
A+, 

(6.23) N w = c w ^ u i t v')T u iQ x T v i 

u,v£Wo 

where the real coefficients c uxv j u ', v ') and c uyv j u ', v ') are equal if x and ?/ 
belong to the same facets of the cone X + . The number of facets being 
finite, one sees, by using the assumption ()6.22|) . that there exists C 
such that: 

(6.24) |/(iV«J <C'C(1 +\\x\\)- n , u,veW ,xeX + 

But, from [H] (2.27), one deduces the existence of r > such that: 

(6.25) J\f{x) -r < Af(uxv) < J\f{x) + r , u, v G W , x G X + 

But one has : N(x) = (x,2p v ) + \\x°\\, x G X + where x° is the 
projection of x G X <8> R on <S> R along Zi? <8> R- Let us define 

\\v\\' = swp ueWo |w(2wp v )| + ||«°||, v EX®R 

Then || ■ ||' is a norm on X ® R, which is equivalent to || ■ ||. Moreover 

A/"(x) = for all x G X + . 

Hence there exists C" > such that: 

(6.26) C"~ x N{x) < \\x\\ < C"M(x) 

Taking into account ()6.24|) . ()6.25|) and ()6.26|) . one gets the result. □ 

End of the proof of the Main Theorem: 
By Corollary 16.31 the image of Ts is contained in the space of smooth 
W-equivariant sections C°°(E U , EndiV-))™, and Ts is continuous. 

Corollary I6.1UI states that the image of Jc is contained in S, and 
that Jc '■ C(E U , End(V=)) — ► <S is continuous. 

Since C°°(2 U , End(V~)) w C C(E U , End(V~)) (see Lemma Q and 
5 C L 2 (H) (see ff2~T4]l V Corollary ET71 implies that Jc^s = ids- It 
follows that the map Jc in ()4.5|) is surjective, and that Ts is injective. 

Since C C L 2 (S U , End(V=), /ipj) (see Lemma fOj) . Corollary 13.71 also 
implies that TsJc — Pw,c- It follows, since pw,c is the identity on 
L7°°(H u ,End(Vs)) w C C(S„, End(V a )), that is also surjective in 
(|4.4j) . This finishes the proof of the Main Theorem. □ 
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7. Appendix: Some applications of spectral projec- 
tions 

The following lemma was suggested by Lemma 20.1 from 1J and its 
proof. 

Lemma 7.1. Let V be a complex normed vector space of dimension p . 
There exists C > such that for all A G End(V) with eigenvalues less 
or equal to 1: 

(7.1) \\A n \\ <C(l + \\A\\y- l (l + n) p } ne'L + 
Here ||v4|| is the operator norm of A. 

Proof. Let D n be the disk of center and radius 1 + (1 + n) -1 . Then 

(7.2) A n = l/2m! z n (z\d-A)- l dz 

JdD n 

From the Cramer rules, there exists a polynomial function from End(K) 
into itself, B \— > M(B), of degree p — 1, such that for any invertible S, 
one has: 

(7.3) fi- 1 = (det(fi))- 1 M(5) 
Hence, there exists C > such that: 

||M(B)|| < C"(l + \\B\\) p -\Be End(V). 
Hence, taking into account: 

l + ||zId-A|| <2 + (l + n)~ 1 + p|| < (2 + (l + n)- 1 )(l + p||),^GD n , 
one has 

(7.4) \\M(z Id -A) || < C"(2 + (1 + n)- l f- l {l + PH)^ 1 , z G D n 

Now the eigenvalues of z Id —A, 2 G dD n are of modulus greater or 
equal to (1 + n)~ x . Hence 

(7.5) \det(zld-A)\> (l + n)- p ,neZ + 

The length of dD n is 2tc(1 + (1 + n)~ l ). From equations (6.1) to (6.4), 
one gets: 

\\A n \\ < (1 + (1 + n)- 1 ) 1+n C'{2 + (1 + ny 1 ) p - 1 {l + n) p {l + WAW)^ 1 
One gets the required estimate with: 

C = C'eSP- 1 

□ 
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Corollary 7.2. (i) Let r' > r > 0. There exists C r y such that 

for all A G End(V) with eigenvalues of modulus less or equal 
to r, one has: 

(ii) Let e > and let Q t be the set of elements in End(V) whose 
eigenvalues are either of modulus one or of modulus less or 
equal to 1 — e. Let P K i be the sum of the spectral projections 
corresponding to the eigenvalues of modulus strictly less than 
1. Then P Kl A n = (A<i) n ; where A Kl = P <± A. Letb>0 such 
that 1 — e < e~ b . There exists C depending on b, e and V such 
that: 

\\P<iA n \\ < C(l + \\P <1 A\\y- 1 e- bn ,n eN,AeQ e 

(iii) If A(t) is a continuous ( resp. holomorphic) function with 
values in VL t , then A K i{t) has the same property 

Proof, (i) One applies the previous result to r"~ 1 A, where r < r" < r' 
and one uses the fact that (1 + n) p (r'/r")~ n is bounded. 

(ii) follows from (i) applied to A<i, r — 1 — e, r' — e~ b . 

(iii) follows from the formula 

A<i = l/2m / z(z\d-AY l dz 

JdD 

where D is the disc of center and radius 1 — e/2. □ 

Lemma 7.3. Let e, a > 0, p, I e N. Let V a normed complex vector 
space of dimension p andX = 1) . Letn be a finite dimensional complex 
representation of X . One denotes by (ei, . . . , e p ) the canonical basis of 
X . One sets A 1 = 7r(ei), . . . , A t = n(ei). If n — (n 1; . . . ,n[) 6l, one 
sets : \\n\\ — \rii\ + ■ ■ ■ + \n{\, and A n = ir(n). 

Assume that the modulus of the eigenvalues of the A^ are less or equal to 
one, and the eigenvalues of A 1 are either of modulus one or of modulus 
less or equal to 1 — e. Let us denote by P>i (resp. Pi) the sum of the 
spectral projections of A\ corresponding to the eigenvalues of modulus 
strictly less than 1 (resp. of modulus 1). 

Set X+ = {ne Z l + \m > a\\n\\}. 
Then there exists a' and C , independent of the representation it in V , 
such that: 

\\P<iA n \\ < C'( J] (1 + HAIine-'W, n e X+ 

i=l,...,l 
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Proof. From Corollarv l7.2f i). (ii), one deduces that, for b > such that 
1 — e < e~ b , and b' > 0, there exists a constant C > 0, depending only 
on e, b, b' and V such that: 

||P <1 A n || < C'( Yl (1 + ||A:||) P )e^" 1+b ' ( " 2+ - +n!) ,n G X + 
i=l,...,l 

If n G X+, one has : 

bn\ — b'(n 2 + ■ — \-ni) > (ab — &')ll n ll 

b being chosen, one takes b' = ab/2. Then the inequality of the Lemma 
is satisfied for a' = ab/2. □ 



8. Appendix: The c-function 

In this appendix we have collected some of the properties of the Mac- 
donald c-function. These properties play a predominant role through- 
out this paper, and are closely related with the properties of residual 
cosets as discussed in [TJ], Appendix: residual cosets (Section 7). 

The Macdonald c-function is defined as the following expression c G 
qA = Q®zA the quotient field of A: 

(8.1) c:= Y[ c a = Y[ Ca, 

where c a for a G R\ is equal to 

,o 9 n „ . (1 + qj /2 6_ a/2 )(l - q~v /2 q^vd- a / 2 ) ^ , 

(8.2) c a .= G Q A. 

i — 

If a G Ro\Ri then we define c a := c 2a - 

Remark 8.1. We have thus associated a c-function c a to each root 
a G R nr , but c a only depends on the direction of a. This convention 
was used in [Hj, but differs from the one used in [THj. If a G Ri 
and a/2 G" Rq, then the formula for c a should be interpreted by setting 
q 2a v = 1, and then rewriting the numerator as (1 — q~v0^ a ). Here and 
below we use this convention. 

We view c as a rational function on T via the isomorphism of A and 
the ring of regular functions on T sending 9 X to the complex character 
x of T. 

Since the numerator and the denominator of c both are products of 
irreducible factors whose zero locus is nonsingular (a coset of a codi- 
mension 1 subtorus of T) , it is straightforward to define the pole order 
i t of (c(t)c(wot))" 1 at a point t G T (see jHj, Definition 3.2). 
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Let Q = Q(Rq) denote the root lattice of -Ro- The following theorem 
is the main property of the c-function: 

Theorem 8.2. flT4*]. Theorem 7.10) We have: i t < rank(Q) for all 
teT. 

We define the notion of a "residual point" of T (with respect to 
(TZ, q)) as follows: 

Definition 8.3. A point t G T is called residual if i t = rank(X). 

Corollary 8.4. There exist only finitely many residual points in T , for 
every root datum TZ and label function q for TZ, and the set of residual 
points is empty unless Zx = 0. 

Proof. Let n = rank(i?o)- From equation ()8.1|) it is clear that for any 
k G Z, the set Sk '■— {t \ i t = k} is a finite (possibly empty) union of 
nonempty Zariski open subsets of cosets L of subtori of T, whose Lie 
algebra is an intersection of root hyperplanes a = of C <g> Y. If L is 
such a coset with codim(L) = d, then Rl := {a e Ro \ a\i is constant} 
is a parabolic subsystem of rank d. Moreover, the projection ti of L 
onto Tl is point with if^ = k. Applying Theorem 18.21 to Tl with 
respect to (TZl^l) we obtain k < d. 

Hence if S n is not finite, then there exists a proper parabolic root 
subsystem Ri C -Ro of rank m < n say, such that n < m, which is 
clearly absurd. The remaining part of the Corollary is straightforward 
from Theorem 18.21 □ 

Remark 8.5. There is a classification of residual points (cf. |14j ). 

Another fact of great consequence is the following. 

Theorem 8.6. /|14j. Theorem 7.14) Let r = sc G T be residual, with 
s G T u and c G T rs . Then r* := sc -1 G W{R s> \)r, where R s \ is the 
root subsystem of Ri defined by l := {a G R± | a(s) = 1}. 

We extend the definition of the c-function to arbitrary standard in- 
duction data. First recall Theorem 12.81 stating that the central char- 
acter of a residual discrete series representation is residual. 

Definition 8.7. Let £ = (P,5,t p ) be a standard induction datum, and 
let rp G Tp be such that Wprp is the central character of 5 (thus rp is 
a (TZp, Tp) -residual point). Put t = rpt p G T. We define: 

(8.3) c(0:= J] 

a€-Ro,+\-Rp,+ 

Notice that we recover the original c-function defined on T as the special 
case where P = and 5 = C. 
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The next proposition goes back to jH], Theorem 3.13 (also see [Hj, 
Theorem 3.25). 

Proposition 8.8. Let P C F and let £ = (P,S,t p ) G Sp5 u . Choose 
rp G Tp such that Wprp is the central character of 5, and let t = 
r P t p G T. 

(i) c(r 1 ) = cK(0)=^(0. 

(ii) The function £ — > |c(£)| 2 on S u is W -invariant. 
(hi) The function c(£) zs IC-invariant. 

(iv) Let P' G P and d G if P * x W(P, P'). T/ie rational functions 
c{d^)c{^)~ 1 and c{d^)~ l c{^) (of £ G Hp^j are regular in a 
neighborhood ofE Pi $ >u . 

(v) Tne rational function c(£)~ is regular in a neighborhood of 

Proof, (i) A straightforward computation from the definitions, using 
Theorem ETEI (cf. [H], (3.58)). 

(ii) The W-invariance follows simply from the definitions if we write 
(using (i)) |c(OT 2 = (c(O c (C _1 ) _1 (cf- |H, Proposition 3.27). 

(iii) This follows trivially from the definition of the action of K. on 
f: If fe G K P then ^ = k(P,6,t p ) = (P, # fc (5), H p ). The central 
character of \l/fc(5) is equal to k~ x Wpr P = Wp(k~ 1 rp), thus we need to 
evaluate the c a in the product c(k^) at the point k~ 1 rpkt p = t, or any 
of its images under the action of Wp. Hence c(k£) = c(£). 

(iv) By (i) and (ii) it is clear that these rational functions have 
modulus 1 on z-p,s,u (outside their respective singular sets). 

The singular sets of these rational functions are of the following form. 
Choose rp G Tp such that Wprp is the central character of 5. Then the 
singular set of c(d£)c(£) _1 is the union of the zero sets of the functions 

(8-4) J] C 1 - °pi) 

aeRi,+\Rp,i,+ 

and 

(8-5) J] + Cv 1/2 </ 2 )(l " V 1/2 ?^« P ,f) 

aERi >+ \R P>lt+ 

on Sp<5, where aps denotes the function on Hpj defined by azps(£) = 
a(r P t p ). 

In the case of c(w p £) _1 c(£) the answer is the same, but we need to 
take the products over the set a G d _1 Pi )+ \Pp ) i 

The intersection of a component of this hypersurface with Hp )( 5 )U is 
either empty or it has (real) codimension 1 in Hp )( s jtt . 
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By the boundedness of c(d£)c(£) - on Ep^u, this implies that the 
pole order of this function at a components of the singular set which 
meets Hp (< y )U is in fact equal to zero. Hence the poles are removable in 
a neighborhood of E.p t s,u- Similarly for c(d£) _1 c(£). 

(v) The proof of j^j, Theorem 3.13 may be adapted to the present 
situation. Or we may argue as in (iv) as follows. 

Since |c(£)|~ 2 = (c(£)c(-u7 P (£))) _1 is smooth on E u (cf. [H], Theorem 
3.25, equation (3.53), Proposition 3.27 and equation (3.58)), it follows 
that c(£) _1 is bounded on Ep^u- Hence the argument that was used in 
the proof of (iv) applies. □ 
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